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As  a  r e su i t  o f  space  exp lo ra t ion  in  r ecen t  yea r s  the re  has  been  
inc reased  in t e res t  in  e l ec t ron  t r anspor t  theory  (13 ,  22 ,  25 ,  28 ) .  
Th i s  i n t e res t  s t ems  f rom the  h igh  l eve l s  o f  e l ec t ron  rad ia t ion  which  
ex i s t  in  space ,  pa r t i cu la r ly  in  the  r ad ia t ion  be l t s  fo rmed  by  magne t i c  
f i e lds  a round  the  ea r th .  The  app l i ca t ion  o f  the  method  o f  i nva r i an t  
imbedd ing  to  pho ton  and  neu t ron  t r anspor t  p rob lems  has  been  success fu l ly  
comple ted  by  seve ra l  au thor s  (20 ,  21 ,  26 ) .  The  purpose  o f  t h i s  thes i s  
i s  to  app ly  these  methods  t o  e l ec t ron  t r anspor t  theory .  
E lec t rons  
In  gene ra l ,  a s  e l ec t rons  t r ave r se  ma te r i a l  t hey  exper i ence  two  
types  o f  in t e rac t ions  tha t  a re  o f  s ign i f i cance ,  e l a s t i c  co l l i s ions  and  
r ad ia t ive  co l l i s ions .  In  the  f i r s t  type  the  inc iden t  e l ec t rons  in t e r ­
ac t  wi th  e l ec t rons  o r  nuc le i  by  means  o f  t he  Cou lomb f i e lds  su r round ing  
bo th  pa r t i c l e s .  Th i s  i n t e rac t ion  changes  the  ene rgy  and  d i r ec t ion  o f  
bo th  pa r t i c l e s  and  fo r  mos t  pu rposes  may  be  cons ide red  a s  a  two  pa r t i c l e  
in t e rac t ion .  In  the  r ad ia t ive  in t e rac t ion  the  inc iden t  e l ec t rons  
in t e rac t  wi th  the  f i e ld  o f  the  t a rge t  pa r t i c l e  to  p roduce  gamma r ad i ­
a t ion  known a s  b remss t rah lung .  The  c r i t i ca l  ene rgy  i s  de f ined  a s  t ha t  
ene rgy  a t  which  the  ene rgy  los s  due  t o  e l a s t i c  co l l i s ions  i s  equa l  t o  
the  ene rgy  los s  due  t o  r ad ia t ive  co l l i s ions .  For  ene rg ies  we l l  be low 
the  c r i t i ca l  ene rgy  the  r ad ia t ive  type  o f  in t e rac t ion  may  be  neg lec ted .  
The  c r i t i ca l  ene rgy  i s  g iven  by  Zerby  and  Ke l l e r  (33)  a s  
Since  on ly  ene rg ies  we l l  be low th i s  c r i t i ca l  ene rgy  wi l l  be  cons ide red  
he re ,  t he  r ad ia t ive  con t r ibu t ion  to  e l ec t ron  t r anspor t  wi l l  be  neg lec ted .  
Because  o f  t he  na tu re  o f  the  Coulomb fo rces ,  the  e l a s t i c  co l l i s ions  
r e su l t  in  sca t t e r ing  which  , i s  h igh ly  b ia sed  a long  the  in i t i a l  d i r ec t ion  
o f  t he  inc iden t  e l ec t ron .  The  l a rge  d i f f e rence  in  mass  be tween  an  e l ec ­
t ron  and  nuc leus  means  t ha t  the  nuc lea r  Cou lomb sca t t e r ing  occ t f f s  w i th  
e s sen t i a l ly  no  change  in  the  ene rgy  o f  t he  inc iden t  e l ec t ron .  However ,  
i n  the  e l ec t ron-e lec t ron  sca t t e r ing  in t e rac t ion  the  inc iden t  e l ec t ron  
may  l o se  a l l  o f  i t s  ene rgy  in  one  in t e rac t ion .  In  add i t ion ,  a s soc ia t ed  
wi th  each  poss ib le  ene rgy  change  the re  i s  on ly  one  poss ib le  angu la r  
de f l ec t ion  fo r  the  inc iden t  pa r t i c l e .  The  qua l i t a t ive  r e su l t  o f  these  
two  types  o f  i n t e rac t ion  i s  tha t  the  inc iden t  e l ec t rons  su f fe r  a  l a rge  
number  o f  s l igh t  in t e rac t ions  which  a re  cha rac te r i zed  by  l i t t l e  o r  no  
change  in  ene rgy  fo r  the  inc iden t  pa r t i c l e  and  on ly  a  s l igh t  de f l ec t ion  
f rom the  i n i t i a l  d i r ec t ion  o f  mot ion .  A sma l l  number  o f  t he  in t e rac t ions  
r e su l t  in  l a rge  angu la r  de f l ec t ions .  These  in t e rac t ions  a re  d i scussed  in  
more  de ta i l  l a t e r  in  the  t ex t .  
Inva r i an t  Imbedd ing  
The  i nva r i an t  imbedd ing  me thod  i s  a  r e l a t ive ly  new approach  to  t r ans ­
por t  p rob lems .  In  t he  case  p resen ted  he re  the  approach  invo lves  va ry ing  
the  s i ze  o f  the  sys tem and  then  fo rmula t ing  the  changes  in  the  t r ans ­
mi t t ed  and  r e f l ec ted  f lux  due  to  th i s  change  in  s i ze .  The  p r inc ipa l  
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advan tage  o f  t he  method  i s  tha t  the  fo rmula t ion  l eads  to  a  f i r s t -o rde r  
d i f f e ren t i a l  equa t ion  o f  the  in i t i a l  va lue  type .  Th i s  type  o f  equa t ion  
i s  r ead i ly  so lved  numer ica l ly  us ing  d ig i t a l  compute r s .  
The  bas i c  approach  to  be  t aken  in  th i s  s tudy  i s  to  fo rmula te  a  
gene ra l  t r anspor t  equa t ion  fo r  the  t r ansmiss ion  o f  e l ec t rons  us ing  the  
method  o f  inva r i an t  imbedd ing .  Th i s  equa t ion  wi l l  be  s impl i f i ed  by  
mak ing  use  o f  the  knowledge  o f  e l ec t ron  in t e rac t ions  and  numer ica l  
t echn iques ,  and  r e su l t ing  equa t ions  so lved  us ing  a  d ig i t a l  compute r .  
L i t e ra tu re  Rev iew 
The  p r imary  source  o f  in fo rmat ion  on  e l ec t ron  in t e rac t ions  and  
e l ec t ron  t r anspor t  theory  i s  the  rev iew a r t i c l e  by  Zerby  and  Kel ler  (33) .  
In  t h i s  a r t i c l e  re fe rences  a re  made  t o  bas i c  ana ly t i ca l  and  exper imen ta l  
r e sea rch  o f  c ross  sec t ion ,  t r anspor t  theory ,  and  Monte  Car lo  t echn iques .  
The  nuc lea r  Cou lomb c ross  sec t ion  used  he re  was  f i r s t  p resen ted  by  
Goudsmi t  and  Saunderson  (15 ,  15 ) .  The  e l ec t ron-e lec t ron  c ross  sec t ion  
was  de r ived  by  Mol le r  (23 ) .  For  r ad ia t ive  co l l i s ions  the  a r t i c l e  by  
Koch  and  Motz  (18)  i s  an  e s sen t i a l  r e fe rence .  
The  r e su l t s  o f  t h i s  work  were  compared  wi th  r e su l t s  f rom the  con­
t inuous  s lowing  down mode l .  The  con t inuous  s lowing  down mode l  i nvo lves  
Be the ' s  s topp ing  power  theory  (7 )  as  presented  by  Rohr l i ch  and  Car l son  
(27) .  The  ene rgy  d i s t r ibu t ions  were  compared  wi th  the  theory  o f  Landau 
(19) .  Landau ' s  ene rgy  d i s t r ibu t ions  were  eva lua ted  us ing  the  tab les  fo r  
the  d i s t r ibu t ion  func t ion  g iven  by  Borsch-Supan  (9 ) .  
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The  inva r i an t  imbedd ing  me thod  used  has  been  ou t l ined  by  Mathews ,  
Hansen ,  and  Mason  (20)  and  Ming le  (21 ) .  The  a r t i c l e s  Be l lman  and  
Ka laba  (1 ,  2 ) ,  Be l lman ,  Ka laba ,  and  Wing  (3 ,  4 ,  5 ) ,  P re i sendor fe r  (24 ) ,  
Wing  (30 ) ,  and  the  book  by  Wing  (31)  were  used  a s  background  ma te r i a l s  
fo r  the  inva r i an t  imbedd ing  me thod .  The  s ec t ions  o f  the  book  by  
Chandrasekhar  (10)  dea l ing  wi th  inva r i an t  imbedd ing  were  r ev iewed  fo r  
h i s to r i ca l  i n t e res t .  
The  p r inc ipa l  r e fe rence  fo r  the  numer ica l  p rocedures  such  a s  
Gauss ian  quadra tu re  and  po lynomia l  i n t e rpo la t ion  was  t aken  f rom the  book  
by  I saacson  and  Ke l l e r  (17 ) .  The  numer ica l  me thod  o f  so lu t ion  used  in  
DNODE was  deve loped  by  Crane  (11 ,  12 ) .  
5 
THEORY 
The  bas i c  theory  fo r  t r anspor t  o f  pa r t i c l e s  by  t he  inva r i an t  imbed­
d ing  method  has  been  s e t  fo r th  by  seve ra l  au thor s  g iven  in  the  l i t e ra tu re  
rev iew.  The  bas i c  approach  t aken  he re  i s  s imi la r  to  tha t  p resen ted  by  
Mathews ,  Hansen ,  and  Mason  (20 ) .  
Ref l ec t ion  Equa t ion  
The  r e f l ec t ion  p robab i l i ty  R(x ;E ,E^ ,u ,y^ )dE  dy  i s  the  f r ac t ion  o f  
pa r t i c l e s  r e f l ec ted  wi th  ene rgy  be tween  E and  E  +  dE  and  d i r ec t ion  dy  
abou t  ] i  pe r  un i t  a rea  o f  the  ex i t  su r face  due  t o  an  inc iden t  un i t  f lux  
hav ing  an  ene rgy  E^  and  d i r ec t ion  y^ .  A un i t  f lux  i s  t aken  a s  one  pa r ­
t i c l e  pe r  second  pe r  un i t  a rea  normal  t o  the  d i r ec t ion  o f  mot ion .  The  
a s sumpt ion  has  been  made  t ha t  the  r e f l ec t ion  p robab i l i ty  i s  independen t  
o f  po la r  ang le  which  i s  the  case  in  in f in i t e  s l ab  geomet ry .  Th i s  a s sump­
t ion  a l lows  the  d i r ec t ion  o f  the  pa r t i c l e s  to  be  desc r ibed  by  e i the r  y  
o r  y  ,  where  y  and  y^  a re  cos  0  and  cos  0^ ,  r e spec t ive ly .  The  ang les  9  
and  6  a s  shown in  F igure  1  a re  the  ang les  measured  f rom the  normal  t o  
the  s l ab .  The  t o t a l  macroscop ic  c ross  sec t ion  a (x ;E)  i s  the  p robab i l i ty  
o f  a  pa r t i c l e  in t e rac t ion  pe r  un i t  l eng th  which  causes  a  change  in  ene rgy  
o r  d i r ec t ion  o f  the  pa r t i c l e .  The  s ca t t e r ing  c ross  sec t ion  
K(x ;E ,EQ,y ,y  )dE  dy  i s  the  p robab i l i ty  tha t  a  pa r t i c l e  o f  ene rgy  E^  and  
d i r ec t ion  y^  wi l l  have  an  in t e rac t ion  which  wi l l  s ca t t e r  i t  in to  an  ene r ­
gy  be tween  E and  E  +  dE  and  a  d i r ec t ion  o f  dy  abou t  y .  
Wi th  t hese  de f in i t ions  i t  i s  poss ib le  to  wr i t e  express ions  fo r  each  
o f  t he  poss ib le  modes  o f  r e f l ec t ion  shown in  F igure  1 .  The  f ive  pa ths  
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shown in  F igure  1  dep ic t  t he  f ive  con t r ibu t ions  to  r e f l ec t ion  p robab i l i ty  
which  invo lve  t e rms  o f  t he  f i r s t  o rde r  o f  Ax  o r  l e s s .  The  f i r s t  con t r i ­
bu t ion  r ep resen t s  those  pa r t i c l e s  which  a re  backscat tered  f rom the  Ax 
t h i ckness  o f  t he  s l ab .  Thus  
I t  r ep resen t s  those  pa r t i c l e s  which  a re  t r ansmi t t ed  th rough  the  Ax s lab  
wi thou t  i n t e rac t ion ,  a re  r e f l ec ted  in  the  main  s l ab ,  and  a re  aga in  
t r ansmi t t ed  th rough  the  Ax s l ab  wi thou t  fu r the r  in t e rac t ion .  
Those  par t i c l e s  which  a re  t r ansmi t t ed  th rough  the  Ax s l ab  wi th  one  
in t e rac t ion ,  a re  r e f l ec ted  m the  main  s l ab ,  and  then  a re  t r ansmi t t ed  
th rough  the  Ax s l ab  wi thou t  fu r the r  in t e rac t ion  a re  r ep resen ted  by  
The  fourth  t e rm rep resen t s  those  pa r t i c l e s  which  a re  t r ansmi t t ed  
th rough  the  Ax s l ab  wi thou t  i n t e rac t ion ,  a re  r e f l ec ted  in  the  main  s l ab ,  
and  a re  then  t r ansmi t t ed  th rough  the  Ax s l ab  wi th  one  in t e rac t ion .  
A y  
=  K(x ;E ,EQ ,w ,UQ )dE  ( 2 )  
The  second  con t r ibu t ion  i s  g iven  by  
Rg =  {1  -  G(x;EQ)  R(x;E ,Eo ,p ,WQ)dE {1  -  a (x ;E)  (3 )  
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Figure  1 .  Ref lec t ion  Con t r ibu t ions .  
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Thus  
• 1 f 00 
^4  =  '  {1  -  a(x ;E)  R(x;E'E^,u ' ,w . )dE'  d^'  
. p '=0  JE '=0  .  .  Wo 0  0  ^  
K(x ;E ,E ' ,p ,u ' )dE  dy  (5 )  
The  f ina l  con t r ibu t ion  i s  g iven  by  
'  t ,  
y '=0  ^u"=0  JE '=0  r .=o  -  ' ' "V  
R(x;E",EQ,u ' ,UQ)dE'  d%'  K(x ' ,E" ,E' ,u" ,p ' )dE" dp" 
R(x;E ,E",%,u")dE dp  {1  -  G(x;E)  A*}  ( 5 )  
M M H 
I t  r ep resen t s  those  pa r t i c l e s  which  a re  t r ansmi t t ed  th rough  the  Ax s l ab  
wi thou t  i n t e rac t ion ,  a re  r e f l ec ted  in  the  main  s l ab ,  a re  backscat tered  
by  the  Ax s l ab ,  a re  r e f l ec ted  once  aga in  in  the  main  s l ab ,  and  f ina l ly  
a re  t r ansmi t t ed  th rough  the  Ax s l ab  wi thou t  fu r the r  in t e rac t ion .  Al l  
o the r  poss ib le  p rocesses  invo lve  t e rms  o f  o rde r  (Ax)^  o r  h ighe r .  
The  deve lopment  o f  t hese  t e rms  i s  qu i t e  o f t en  d i f f i cu l t  to  under­
s tand  and  a  r igo rous  method  o f  bookkeep ing  i s  necessa ry  to  keep  a l l  the  
f ac to r s  s t r a igh t .  For  t h i s  r eason  the  deve lopment  o f  t he  th ird  t e rm i s  
g iven  in  de ta i l .  Wi th  a  un i t  f lux  o f  ene rgy  and  d i r ec t ion  inc iden t  
upon  the  su r face ,  the  number  o f  pa r t i c l e s  pe r  un i t  f lux  which  a re  sca t ­
t e red  in to  an  ene rgy  be tween  E '  and  E '  +  dh  and  d i r ec t ion  dy '  abou t  y '  
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i s  g iven  by  
K(x;E' ,EQ,u ' ,w)dE'  d ; '  (7 )  
The  number of  Interact ions which  t ake  p lace  pe r  un i t  su r face  a rea  o f  the  
Ax s l ab ,  and  thus  the  number  o f  pa r t i c l e s  wi th  ene rgy  E '  and  d i r ec t ion  
l i '  pe r  un i t  su r face  a rea  emerg ing  f rom the  s l ab  i s  g iven  by  
K(x;E' ,E^,y ' ,p )dE'  dp '  (3 )  
Thus  the  f lux  in  the  d i r ec t ion  y '  i s  g iven  by  
^TK(x;E' ,EQ,%' ,M)dE'  dw'  Ax  (9 )  
The  number  o f  pa r t i c l e s  pe r  un i t  su r face  a rea  be ing  r e f l ec ted  in to  an  
ene rgy  be tween  E  and  E +  dE  and  d i r ec t ion  dy  about  n  due  t o  th i s  f lux  
i s  
0  =  AX K(x;E' ,EQ,w' ,y )dE'  dy '  R(x;E ,E' ,M,y ' )dE dp  (10)  
"he  f lux  due  t o  th i s  p rocess  pass ing  in to  the  Ax s l ab  becomes  
(11 
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The  f r ac t ion  o f  t h i s  f lux  which  i s  t r ansmi t t ed  th rough  the  Ax s l ab  wi th ­
ou t  fu r the r  in t e rac t ion  i s  rep resen ted  by  
The  number  o f  pa r t i c l e s  pe r  un i t  su r face  a rea  due  to  th i s  p rocess  i s  
g iven  by-  -
The  to t a l  number  o f  pa r t i c l e s  pe r  un i t  su r face  a rea  due  t o  p rocesses  o f  
t h i s  type  can  be  found  by  in t eg ra t ing  Express ion  13  over  a l l  poss ib le  
energ ies  E'  and  d i r ec t ion  y ' ' .  The  express ions  fo r  the  o the r  con t r ibu ­
t ions  have  been  deve loped  in  a  s imi la r  manner .  
The  r e f l ec t ion  p robab i l i ty  fo r  a  s l ab  o f  th i ckness  x  +  Ax  i s  g iven  
to  o rde r  Ax  by  
D {1  -  G(x ;E)  (12)  
D {1  -  a (x° ,E)  (13)  
0 
R(x+Ax;E ,E  , ] i , u„ )dE  dy  =  I  R-
0 0 1 
When t he  ind ica ted  summat ion  i s  pe r fo rmed  and  Ax i s  a l lowed  to  go  to  
ze ro  in  a  l imi t ing  p rocess ,  t he  fo l lowing  in t eg ro -d i f f e ren t i a l  equa t ion  




1  rCf  ( x  *3 E  )  r r f  X •  F  M 
-  R(x ;E ,Eo ,y ,Wo)  =  K(x ;E ,Eo ,P ,Wo)  -
u  
R(X;E ,EQ ,1j,1JQ) + 
R(x;E,E' ,p ,u ' )  +  
R(x ;E ' ,EQ,w ' ,yQ)  +  
r l  d y '  
^ 0  u '  J o  
r l  d u '  
f  u '  J o  
dE'  K(x;E' ,EQ,p ' ,WQ)  
dE'  K(x;E ,E' ,y ,%')  
du"  dy '  
U"  Jo  W 
d E "  dE '  
R(x;E' ,EQ,u ' ,pQ)  K(x;E",E' ,u" ,w' )  R(x;E ,E",u ,w")  (15)  
Equa t ion  15  has  the  in i t i a l  cond i t ion  tha t  
R(0 ;E ,Eq ,U»UQ)  =  0  ( 1 6 )  
Transmiss ion  Equa t ion  
The  t r ansmiss ion  equa t ion  can  be  deve loped  in  a  manner  s imi l a r  to  
the  manner  i n  which  the  r e f l ec t ion  equa t ion  was  deve loped .  The  t r ans ­
miss ion  p robab i l i ty  T(x;E,E  )dE dy  i s  the  f r ac t ion  o f  pa r t i c l e s  pe r  
un i t  ex i t  su r face  a rea ,  which  a re  d i f fuse ly  t r ansmi t t ed  th rough  a  s l ab  
o f  th ickness  x  and  which  have  on  ex i t  f rom the  s l ab  an  ene rgy  be tween  
E and  E  +  dE  and  a  direc t ion  dy  abou t  y  due  t o  an  inc iden t  un i t  f lux  wi th  
an  ene rgy  E^  and  direc t ion  y  .  Again  the  as sumpt ion  i s  made  t ha t  the  
t r ansmiss ion  i s  independen t  o f  po la r  ang le .  Thus  t he  d i r ec t ion  o f  the  
par t i c l e  may  be  desc r ibed  by  e i the r  y  o r  y  co r respond ing  to  cos  6  and  
cos  e  .  The  ang les  6  and  9^  a re  the  ang les  f rom the  normal  t o  the  s l ab  
as  shown in  F igure  2 .  ihe  nonco l l i s ion  p robab i l i ty  T (x ;E ,y )  i s  de f ined  
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as  the  p robab i l i ty  pe r  un i t  ex i t  su r face  a rea  tha t  pa r t i c l e s  wi th  ene rgy  
E and  d i r ec t ion  u  wi l l  be  t r ansmi t t ed  th rough  a  s l ab  o f  th i ckness  x  wi th ­
ou t  in t e rac t ion .  The  t o t a l  c ross  sec t ion  and  sca t t e r ing  c ross  sec t ion  
have  the  same  de f in i t ions  a s  in  the  case  o f  t he  r e f l ec t ion  func t ion .  
The  f ive  con t r ibu t ions  to  d i f fuse  t r ansmiss ion  o f  pa r t i c l e s  which  
a re  o f  o rde r  Ax o r  l e s s  a re  shown in  F igure  2 .  These  f ive  t e rms  a re  
deve loped  in  a  manner  s imi l a r  t o  tha t  shown be fo re .  The  f i r s t  t e rm 
T^ =  K(x;E ,EQ,y , i i^ )dE d\ i  T^(x;E ,y )  (17)  
r ep resen t s  the  pa r t i c l e s  which  a re  scat tered  once  i n  the  Ax s l ab  and  
t r ansmi t t ed  wi thou t  fu r the r  in t e rac t ion  th rough  the  remainder  o f  t he  
s l ab .  
The  second  t e rm i s  g iven  by  
^2  =  
•1 |- 00 
K(x;E ,En ,M,%_)dE '  dw '  A*  
u '=0  JE '=0  °  °  ^  
T(x;E,E' ,u ,u ' )dE du  (18)  
I t  rep resen t s  those  pa r t i c l e s  which  a re  sca t t e red  once  in  the  Ax s l ab  
and  d i f fuse ly  t r ansmi t t ed  th rough  the  remainder  o f  the  s l ab .  
The  con t r ibu t ion  o f  those  pa r t i c l e s  which  have  no  i n t e rac t ion  in  
the  Ax s l ab  and  a re  d i f fuse ly  t r ansmi t t ed  th rough  the  remainder  o f  the  
s lab  i s  g iven  by  
13 
Inc ide r  
F igure  2 .  Transmiss ion  Con t r ibu t ions .  
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T j  =  {1  -  G(x ;EQ)  T(x ;E ,EQ,w,WQ)dE dp  (19)  
The  fourth  t e rm g ives  the  con t r ibu t ion  o f  those  pa r t i c l e s  which  are  
t ransmit ted  t h rough  the  Ax s l ab  wi thou t  i n t e rac t ion ,  a re  r e f l ec ted  f rom 
the  main  s l ab ,  a re  backsca t t e red  f rom t he  Ax s l ab ,  and  then  a re  f ina l ly  
t r ansmi t t ed  th rough  the  main  s l ab  wi thou t  fu r the r  in t e rac t ion .  Thus  
^4  =  
1 
u '=o  
{1  -  a (x ;E„)  R(x ' ,E ' ,E  )dE'  d /  
E'=0  ^0  0  0  
K(x;E,E' ,u ,u ' )dE dp  T^fx iE , ; )  (20 )  
The  f i f th  t e rm i s  s imi la r  to  the  four th  t e rm excep t  t ha t  i t  rep re ­
sen t s  those  pa r t i c l e s  which  a re  d i f fuse ly  t r ansmi t t ed  th rough  the  main  
s l ab  ins t ead  o f  wi thou t  i n t e rac t ion .  
T 
' 5  
1 
U '=0 
r l  
u"=o E ' = 0  
{1  -  a (x ;E  )  
E"=0  °  ^0  
R(x;E,EQ,%,MQ)dE'  dw'  K(x;E",E' ,p" ,u ' )dE'  dp '  
Ax 
y ' y '  
r r  T (x ;E ,E" , ] i , y" )dE  dy  :21 )  
The  d i f fuse  t r ansmiss ion  p robab i l i ty  th rough  a  s l ab  o f  th i ckness  
x  +  Ax  i s  g iven  to  o rde r  Ax o r  l e s s  by  
15 
0 
T(x+  x ;E ,E  ,M,y  )dE  =  % T .  
0  0  1=1  '  
( 2 2 )  
Where  t he  T^ ' s  a re  t aken  a s  the  express ions  f rom Equa t ions  17  th rough  21 ,  
When  Ax  i s  a l lowed  to  go  t o  ze ro  in  the  l imi t .  Equa t ion  22  becomes  
T(x ;E ,En ,w,Pm)  =  K{x ;E ,En ,u ,Uo)  Ty(x ;E ,u )  3x  0 ^ ' 0 
r l  
+ 
QU 
0 ^ JQ 
dE'  K(x;E ,EQ,w' ,WQ)  T(x;E ,E' ,w ,p ' )  
a (x ;E  )  
T (x ;E ,E^ ,y '  
.1 f  I  r 
dE'  R(x;E' ,EQ,y ' ,yo )  K(x;E ,E' ,y ,y ' )  Ty(x;E .y )  
d i  r l  
io ^ 
d u "  f  
0 ^ io 
dE '  dE" R(x;E' ,EQ,w' ,WQ)  
K(E",E' ,y" ,y ' )  T(x ;E ,E",y ,y")  (23)  
The  i n i t i a l  cond i t ion  fo r  Equa t ion  23  comes  f rom t he  f ac t  tha t  when  
the  th i ckness  i s  ze ro  none  o f  t he  pa r t i c l e s  a re  d i f fuse ly  t r ansmi t t ed .  
Thus  
T(0 ;E ,EQ,y ,WQ)  =  0  .  (24 )  
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The  nonco l l i s ion  probabi l i ty  i s  we l l  known t o  be  g iven  by  
ru(x;E ,p)  =  exp l -  ^  a(x;E)dx  
t he  case  of  homogeneous  ma te r i a l  t h i s  r educes  t o  
T^(x ;E ,y )  =  exp | -
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NUMERICAL REDUCTION 
Equa t ions  15  and  25  r ep resen t  an  exac t  fo rmula t ion  o f  t r anspor t  
theory .  However ,  t hey  p resen t  fo rmidab le  di f f i cu l t i e s  i n  so lu t ion  due  
to  the  p resence  o f  in t eg ra l  t e rms .  In  add i t ion ,  the  t ransmiss ion  func ­
t ion  depends  i n  a  d i r ec t  way  on  the  re f l ec t ion  func t ion  so  that ,  s t r i c t ly  
speak ing ,  bo th  equa t ions  must  be  so lved  to  ca lcu la t e  the  t r ansmiss ion  
func t ion .  These  d i f f i cu l t i e s  l ead  one  t o  sea rch  fo r  approx imate  me thods  
o f  so lu t ion  which  cou ld  y i e ld  useab le  in fo rmat ion .  I t  i s  to  th i s  end  
tha t  the  fo l lowing  work  i s  devo ted .  
One  approx imat ion  t ha t  g rea t ly  s impl i f i e s  t he  t r ansmiss ion  equa­
t ion  i s  to  neg lec t  t he  e f fec t  o f  backsca t t e r ing  and  r e f l ec t ion .  For  
e l ec t rons ,  r e f l ec t ion  has  the  l eas t  a f f ec t  fo r  normal  o r  nea r  normal  
f lux .  The  neg l ig ib i l i t y  o f  r e f l ec t ion  i s  fur ther  enhanced  by  the  h igh  
degree  o f  forward  b ias ing  fo r  e l ec t ron  sca t t e r ing .  Wi th  t h i s  assumpt ion  
Equa t ion  23  becomes  
Normal  Approx imat ion  
| - -T(x ' ,E ,Eg ,%, ;o )  =  K(x ;E ,Eo ,p ,Mo)  Tu(x ;E ,w)  
dE'  K(x;E' ,EQ,w' ,Vg)  T(x;E ,E' ,u ,w  
( 2 7 )  
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The  nex t  s t ep  i s  to  ob ta in  some numer ica l  approx imat ion  to  th i s  
equa t ion .  Th i s  invo lves  approx imat ing  the  doub le  in t eg ra l  i n  Equa t ion  
27 .  For  t he  angu la r  dependen t  i n t eg ra l  a  Gauss ian  quada tu re  fo rmula  
o f  the  fo rm 
rb  N 
F (y )dy  =  % w(y . )  F (y . )  (28)  
i = l  ^  ^  
wi l l  be  used .  A presentat ion  of  Gauss ian  quadrature  can  be  found  in  the  
book  by  I saacson  and Kel le r  (17 ) .  
The  ene rgy  dependen t  i n t eg ra l  a l so  i s  eva lua ted  us ing  a  Gauss ian  
quadra tu re  fo rmula  a s  g iven  in  Equa t ion  28 .  Because  o f  t he  d i f f i cu l ty  
o f  eva lua t ing  th i s  in t eg ra l ,  t he  fo l lowing  method  was  a l so  t r i ed  as  a  
means  o f  eva lua t ing  the  energy  dependen t  i n t eg ra l .  The  approx imat ion  
used  in  th i s  fo rm i s  based  on  the  in t eg ra l  o f  an  exponen t i a l  func t ion .  
The  in t eg rand  i s  assumed  to  be  approx imated  wi th  s imple  exponen t i a l s  
ove r  sma l l  i n t e rva l s .  Thus  
F (E)  -  exp{a .E+b ,} ,  E  <  E  <  E ,  (29 )  
'1^ '"O -  -  1  
expIagE+bg} ,  E^  <  E  <  Eg  
exp{a j^E- rb j^} ,  <  E  <  Ej^  
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The  approx imat ion  o f  the  in t eg ra l  then  becomes  
( 3 0 )  
This  approx imat ion  reduces  t o  
C 
F(E)dE =  y  
i= l  
N f {F(Ei )  -  F(E._ i ) }  (E .  -  Ei_ ; ) l  i -1  (31)  ln{F(E. ) /F(E ._ i  , £ ,  J }  
Before  p roceed ing  i t  i s  impor tan t  t o  inves t iga te  the  in t eg rand  o f  
the  in t eg ra l  i n  Equa t ion  27  more  c lose ly .  For  ene rg ies  we l l  above  the  
the rmal  equ i l ib rum the re  i s  no  poss ib i l i t y  o f  inc reas ing  the  ene rgy  o f  
the  inc iden t  e lec tron  i n  e l ec t ron  in t e rac t ions  wi th  ma t t e r .  Th i s  f ac t  
p laces  ce r t a in  r e s t r i c t ions  on  the  in t eg rand .  C lea r ly ,  t he  sca t t e r ing  
c ross  sec t ion  f rom one  energy  t o  a  h ighe r  ene rgy  i s  ze ro .  By  t he  same  
token  t r ansmiss ion  o f  an  e l ec t ron  f rom one  ene rgy  to  a  h ighe r  energy  i s  
a l so  ze ro .  Thus  
= 0 ,  El  >  E 
0 (32)  
0 
and  
f  =  0 ,  E  >  E  
T(x;E,E' ,^ ,u ' )  (33)  
>  0 ,  E <  E 
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The  in t eg rand  o f  the  in t eg ra l  i n  Equa t ion  27  has  a  l imi t ed  range  ove r  
which  i t  can  be  non-ze ro .  Tha t  r ange  i s  c losed  in t e rva l  {E^  <  E '  <  E} .  
The  na tu re  o f  t he  sca t t e r ing  c ross  sec t ion  in t roduces  fu r the r  com­
p l i ca t ions  because  o f  the  d i f f e rence  be tween  nuc lea r  Cou lomb and  e l ec ­
t ron-e lec t ron  sca t t e r ing .  As  d i scussed  in  the  in t roduc t ion  chap te r  the  
nuc lear  Coulomb sca t t e r ing  does  no t  invo lve  an  ene rgy  change .  Thus  t he  
nuc lea r  Cou lomb sca t t e r ing  c ross  sec t ion  can  be  r ep resen ted  by  
The  t o t a l  s ca t t e r ing  c ross  sec t ion  t hen  becomes  t he  sum o f  the  two  
con t r ibu t ions  
Kcou(x ;E ' ,Eo ,w ' ,Wo)  =  Kcou(x ;E ' .E , , , ' ,w , )  5 (E '_Eo)  (34)  
K(x ;E ' ,EQ,y ' ,U Q)  =  K^^(x ;E ' .E^ ,u ' ,U Q)  
Wi th  t h i s  in format ion  t he  in t eg ra l  o f  Equa t ion  27  becomes  
r l  
; 0  J o  
dE K(x;E' ,EQ,p ' ,MQ)  T(x;E ,E' ,u ,p ' )  
°  dE'  KEc(x;E' ,EQ,M' ,UQ)  T(x;E ,E' ,u ,%')  
In  us ing  quadra tu re  fo rmulas  i n  the  fo rm o f  Equa t ion  28  fo r  approx i ­
mat ing  bo th  the  ene rgy  and  angu la r  dependen t  i n t eg ra l s ,  i t  becomes  
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apparen t  t ha t  the  t r ansmiss ion  func t ion  and  sca t t e r ing  c ross  sec t ion  mus t  
be  eva lua ted  a t  a  l a rge  number  o f  po in t s .  Equa t ion  27  can  be  wr i t t en  fo r  
any  s e t  o f  ene rg ies  and  ang les  under  cons ide ra t ion  and  once  the  in t eg ra l s  
a re  r ep laced  by  quadra tu re  forms ,  t he  equa t ions  fo r  each  d i f f e ren t  s e t  o f  
va lues  wi l l  r ep resen t  a  s e t  o f  equa t ions .  In  o rde r  to  make  t h i s  se t  o f  
equa t ions  comple te ly  so lvab le  the re  mus t  be  one  equa t ion  fo r  each  d i f ­
fe ren t  s e t  o f  va lues  used  in  de te rmin ing  any  o f  the  in t eg ra l s  invo lved .  
S ince  the re  wi l l  be  a  l a rge  number  o f  po in t s ,  t he re  wi l l  a l so  be  a  l a rge  
number  o f  s imul t aneous  equa t ions  to  be  so lved .  Because  o f  the  cos t  
i nvo lved  in  so lv ing  a  l a rge  sys tem o f  equat ions ,  i t  i s  impera t ive  to  keep  
the  number  o f  equa t ions  min ima l .  For  t h i s  reason  t he  assumpt ion  wi l l  be  
made  t ha t  the  t r ansmiss ion  func t ion  can  be  c lose ly  in t e rpo la t ed  be tween  
d i f f e ren t  po in t s  o f  a  su f f i c i en t ly  f ine  ene rgy  mesh  spac ing  by  an  expo­
nen t i a l  i n t e rpo la t ion  scheme .  The  na tu ra l  loga r i thm o f  the  func t ion  i s  
assumed  to  f i t  a  po lynomia l  i n  ene rgy .  The  po lynomia l  which  i s  used  he re  
i s  Newton ' s  i n t e rpo la t ion  po lynomia l  a s  d i scussed  in  I saacson  and Ke l l er  
(17) .  The  Newton  i n t e rpo la t ion  po lynomia l  g ives  the  fo l lowing  form fo r  
the  t r ansmiss ion  func t ion  eva lua ted  a t  some  energy  E'  be tween  mesh  po in t s  
k"^N 
T(x ;E ,E ' ,y ,y ' )  =  exp  T a . (E ' )  ln{T(x ;E ,E .  )}  (37)  j:k J J 
where  N r ep resen t s  the  o rde r  o f  t he  in t e rpo la t ion  po lynomia l  and  a . (E ' )  
2 2  
i s  g iven  by  
k+N (E '  -  E . )  
a . (E ' )  =  n  u -  F i  ( 38 )  
^  i=k  
i / j  
To  s impl i fy  the  no ta t ion  subsc r ip t s  a re  used  so  tha t  
T i j an 'x )  =  T (x ;E . ,E j , i i ^ .p„ )  {39a)  
.EE 
'  i j  i j t r in '* '  Kgc(x ;E j ,E j ,Un^Un)  (39b)  
where  t he  ene rg ies  E .  and  E j  a re  de te rmined  in  such  a  way  a s  to  p rov ide  
a  su f f i c i en t ly  f ine  mesh  fo r  the  in t e rpo la t ion  fo rmula  and  the  ang les  
r ep resen ted  by  and  a re  de te rmined  by  the  quadra tu re  fo rm.  Wi th  
t he  use  o f  Equat ion  27  and  the  in t e rven ing  ma te r i a l  t he  fo l lowing  se t  
o f  equat ions  can  be  e s t ab l i shed .  
+  I  
Nang w ,  % Nang  
1  ^2  
Nerg  
"k .Nerg  T . , . „ , „{x)  
a(E. )  
l < : < S 1 n t e r  ( 4 0 )  
^n  1  <  1  <  J  
1  <  m <  Nang  




p=q ^  
(41) 
Ninter  = number  o f  poin ts  in  the  energy  mesh .  
Nerg  =  number  o f  poin ts  in  the  energy  quadra ture .  
Nang =  number  o f  poin ts  in  the  angular  quadra ture .  
N =  number  o f  poin ts  used  in  the  in te rpola t ion .  
The  energ ies  Ej^  a re  de termined  f rom Gauss ian  quadra ture  to  be  
r- _ (^max, i j  "  ^min , i j )  ,  ,  (^max, i j  ^min , i j^  
"k 2 2 
(42)  
The  energ ies  E . .  and E .  . .  are  the  maximum and minimum energ ies ,  
^  max,  13  min , i j  
respec t ive ly ,  in  the  in te rva l  {E^,Ej}  a t  which  the  sca t te r ing  cross  
sec t ion  i s  not  zero .  The  X. ' s  in  Equat ion  42  a re  the  appropr ia te  roots  
of  the  Legendre  polynomia ls .  The  weight ing  funct ions  w,^  fo r  
Gauss ian  quadra ture  a re  g iven  by  
where  p .  i s  the  weight ing  funct ion  for  the  normal ized  in te rva l  {1 , -1}  
cor responding  to  the  root  X,  .  I t  i s  c lear ly  seen  f rom Equat ions  42  and  
43  tha t  the  quadra ture  mesh  po in t  E.  and  weight ing  funct ions  Wj^ depend 
in  a  d i rec t  way upon the  end  poin ts  of  the  in te rva l  of  in tegra t ion .  
Thus  there  i s  a  d i f fe rent  se t  of  E,  ' s  and  w.  ' s  for  each  d i f fe rent  K K 
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interval of  in tegra t ion  {E .  E S ince  the  in te rpola t ion  
m J n  51J  n Id  x  51  j  
cons tants  depend on  the  E^/s ,  there  wi l l  a l so  be  a  se t  of  these  
cons tants  for  each  d i f fe rent  in te rva l  of  in tegra t ion .  
The  angular  cos ines  n .  a re  de termined  in  a  s t ra ight forward  manner  
f rom 
_ (^max "  ^min^  ,  ^^max ^min^  / . . x  
2 '^ i  2  144J  
where  i s  the  appropr ia te  root  of  the  cor responding  Legendre poly­
nomia l .  The  weight ing  funct ions  a re  g iven  by  
\ .Na»g = 2  ^  <«)  
where  the  p .  a re  the  appropr ia te  weight ing  funct ions  for  the  normalized 
in te rva l  { -1 ,1} .  There  i s  only  one  se t  of  va lues  for  each  of  the  quan-
tities and since there is only one interval tUmin'^max^ 
in tegra t ion  for  the  angular  dependence .  This  in te rva l  of  in tegra t ion  
wi l l  be  de termined  la rge ly  by the  problem being  inves t iga ted .  
The  noncol l i s ion  probabi l i ty  T^ ^^^x)  i s  g iven  by 
. ( x )  =  e x p { -  c ( L , ( 4 6 )  
Since  the  transmission of  e lec t rons  f rom one  energy  to  a  h igher  energy  
i s  imposs ible ,  a l l  the  t ransmiss ion  probabi l i t ies  wi th  inc ident  energy  
lower  the  ex i t  energy  a re  zero .  
25 
Thus  
T,jn,„(x) = 0, 1 > j  (47) 
In  th i s  resu l t  i t  i s  assumed tha t  the  energy  mesh poin ts  a re  ordered  such  
tha t  i f  i  <  j  then  < E j .  I t  i s  poss ib le  to  scatter f rom one  energy  to  
the  same energy .  Thus  there  a re  (Winter  +  1)  Nin ter /2  poss ib le  energy  
combinat ions .  In  addi t ion  i t  i s  poss ib le  to  scatter f rom any d i rec t ion  
y ,  in to  any d i rec t ion  i i„ ,  inc luding  the  poss ib i l i ty  of  sca t te r ing  f rom 111 n 
in to  There  a re  thus  (Nang)^  d i rec t ion  combinat ions  poss ib le .  
The  number  o f  d i f fe rent  poss ib i l i t i es  which  ex is t  and  thus  the  number  
of  equat ions  g iven  by  Equat ion  41  i s  g iven  by 
Number of  Equat ions  = ^  (Ninter )  (Nang)^  (48)  
There i s  a l so  an  equal  number  of  in i t ia l  conditions of  the  form 
Since  Equation 48 g ives  the  number  o f  f i r s t  order  d i f fe rent ia l  equat ions  
to  be  so lved  and s ince  there  a re  an  equal  number  of  in i t ia l  condi t ions ,  
i t  i s  poss ible  to  so lve  for  each  T^- j j^^(x) .  
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CROSS SECTIONS 
Two types  of  interactions are  used  which  requi re  c ross  sec t ion  
informat ion;  e lec t ron-e lec t ron  sca t te r ing  and nuclear  Coulomb sca t te r ing .  
For  each  of  these  in te rac t ions  a  sca t te r ing  cross  sect ion i s  needed as  
wel l  as  the  to ta l  macroscopic  c ross  sec t ion .  
Sca t te r ing  Cross  Sec t ion  
Both  types  of  in te rac t ion  are  normal ly  cons idered  independent  of  
polar  angle .  For  the  nuclear  Coulomb in te rac t ion  the  d i f fe rent ia l  c ross  
sec t ion  per  a tom developed by Goudsmi t  and  Saunderson  (15 ,  16)  as  pre­
sented  in  Zerby  and  Kel le r  (33)  i s  
da  = s l lLê-d8  (50)  
^ (1 -  cos s + 
Where  g ,  =  — 
1  PSg 
3  = sca t te r ing  angle  
p  =  re lat iv is t ic  momentum 
V =  ve loc i ty  
a  = Bohr radius 
0 
a  = c ross  sec t ion  per  a tom 
TT =  h /Zl i  
h  =  P lanck ' s  cons tant  
Z =  a tomic  number  
For  the electron-electron in te rac t ion  the  differential cross  sec t ion  
der ived  by Mol1er  (23)  i s  presented  in  Zerby  and  Kel le r  (33) .  The  
27 
differential sca t te r ing  cross  sec t ion  per  e lec t ron  i s  
dx 
27rr^  (T  +  l ) '  
(T + 2) 
1 
(2T +  1)  
•h 
x( l  -  x)  (T +  1)^  
+ 
(1 -  x): (T + 1)2 j 
(51)  
where T = to ta l  inc ident  k ine t ic  energy  in  mc^ un i t s .  
xT = k ine t ic  energy  in  mc^ un i t s  of  the  lowes t  energy  e lec t ron  
of  the  co l l i s ion .  
a  = c ross  sec t ion  per  e lec t ron .  
The  sca t te r ing  angle  g. of  the  h igh  energy  e lec t ron  i s  g iven  by 
= [ | ]  :  x)t ' I  2  (52) 
and the  sca t te r ing  angle  g .  of  the  low energy  e lec t ron  i s  g iven  by  
cos = fxfT +  2) '  
xT + 2 (53: 
Elec t ron-Elec t ron  Cross  Sec t ion  
These  c ross  sec t ions  must now be converted to the forms needed for 
use  with the  equat ions  of  the  previous  chapters .  To conver t  the  e lec­
tron-electron scattering cross section the method presented by Yarmush, 
Zel l ,  and Aronson (p .  26 ,  32)  wi l l  be  used .  The  funct ion  c(E,E )  i s  
def ined  such tha t  
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di l  =  G(E,E^) ,  -1  < y(E,E^)  < 1  (54) 
where  y ( E , E  )  i s  e i ther  cos  or  cos  3^  as  def ined  by Equat ion  52 or  
53 ,  The  funct ion  o (E ,EQ )  i s  the  cross  sec t ion  for  sca t te r ing  f rom E^ 
in to  E.  I t  can  be  found f rom Equat ion  51  by  not ing  tha t  
dx _ fda^- 1  
dE r j dE dx  Eo (55) 
The vec tors  Q and  represent  the  vec tor  d i rec t ion  of  the  sca t te red  
— —0 
and inc ident  par t ic les ,  respec t ive ly .  Since the  in te rac t ion  i s  dependent  
only  on  the  sca t te r ing  angle  6,  the  cross  sec t ion  can  be  g iven  as  
c (E,E^,g ,^)  = o iEsE^)  
o{cos  s  -  7(2 ,2^)}  
Zn 
(56) 
The des i red  sca t te r ing  cross  sec t ion  can  be  found f rom 
r2ï ï  







6{cos B -  yfEiE^)} 
2iï 
(57) 
I  he  sca t te r ing  cross  sec t ion  i s  c lear ly  independent  of  the  polar angle  
of incidence. Thus 
rZlï 
,K(E,E , i i ,u  )  =  a (E,E )  dcf)  6{cos  3  -  y ( E , E  ) }  
U U U J q U 
(58) 
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Figure  3  shows the  sca t te r ing  geometry  for  th i s  s i tua t ion .  From 
Figure  3  and the  re la t ions  for  spher ica l  t r iangles  i t  i s  poss ib le  to  
wr i te  the  fo l lowing resu l t .  
cos  3  = cos  6  cos  0Q +  s in  0  s in  9  cos(9  -  9^)  (59)  
Let  
t 0 (60) 
and thus  
dC = do  (61)  
Thus  Equat ion  59  becomes  
cos  3  = cos  3  cos  8  +  s in  0  s in  6^  cos  Ç (52)  
In  addi t ion  for  f ixed  6  and  8  the  fo l lowing re la t ionships  can  be  der ived  
f rom Equat ion  62 .  
d(cos  3)  =  s in  3  s in  8  s in  Ç dg  (53)  
ana  
( s in  6  s in  6^  s in  Ç)^  =  
{cos(6  -  8  )  -  cos  3}  {cos  3  -  cos(8  +  6^)}  (64)  
With  these  resu l t s  Equat ion  58  becomes  
f 
Scat te r" !  ng  
Poi  n t  
Fig i i rG 3 .  Sca t te r ing  Geometry .  
Normal  To S lab  
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K(E,E^ , y , U Q )  = o- (E,E^)  
fC0s(8-8  )  
d(cos  B)  0{cos  3  -  y(E,E )}  
005(8+8^)  
({cos(8-8  )  -  COS B} {cos  3  -  cos(0+e  )}]  
=  2(Real  Par t  Of  •^)  a (E ,E )  
o  0  (65)  
where  =  {005(6-8^)  -  y(E>E q)}  {y(E>E q)  -  cos(e+0^)}  ( 6 6 )  
The funct ion  wi l l  be  d i f fe rent  for  each  of  the  two poss ib le  funct ions  
y (£ ,EQ ) .  However ,  the  funct ion  wi l l  be  e i ther  pos i t ive ,  negat ive ,  o r  
zero ;  so  tha t  the  rea l  par t  of  1 /S  i s  e i ther  pos i t ive  or  zero .  I t  i s  
pos i t ive  under  the  fo l lowing condi t ions  which  a re  i l lus t ra ted  in  Figure  4 .  
(Real  Par t  Of  >0  When 1  8  .  8^  >  6  >  8  6^  
b  )  8  +  8  > $  > 8  -  8 
c )  8  +  8  > 8  > 8  -  8  
_ d )  2 it -  (0  -r  S  )  >  3  > 0 - 0  
(67)  
Nuclear  Coulomb Sca t te r ing  
In  nuc lear  Coulomb sca t te r ing  no energy  i s  los t  dur ing  a  co l l i s ion ,  
Thus  the  sca t te r ing  cross  sec t ion  becomes  









3,  1  = 8  






Note :  F igures  Drawn In  The  P lane  Of  Inc ident  Par t ic le  And Normal  Axis ,  
igure  4 .  Limi ts  For  Sca t te r ing  Angle .  
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and a (E,E )  6(E-E )  0  — —V — V u  (69) 
In  addi t ion  the  sca t te r ing  cross  sec t ion  i s  dependent  only  on  the  angle  
of  sca t te r ing .  With  Equat ion  50  the  sca t te r ing  cross  sec t ion  for  a  
sca t te r ing  f rom the  d i rec t ion  n  to  n  becomes  
^ —0 — 




In  a  manner  s imi la r  to  tha t  used  in  Equat ion  57  i t  can  be  seen  tha t  
KXE.Eg/p .Wg)  =  
fZir /•2it 
dcj) 
0 • '0 
(^4^0 c r (E 5 ) (71)  
This  sca t te r ing  cross  sec t ion  i s  independent  of  the  polar  angle  of  
inc idence  so  tha t  Equat ion  71  reduces  to  







From Figure  3  and the  re la t ionships  for  spher ica l  t r iangles  i t  again  can  
be  seen  tha t  
cos  3  = cos  0  cos  Bg +  s in  8  s in  8^  cos(^  -  (})^)  (73)  
For  any  f ixed  cj)^  a  change  of  var iab les  can  be  made  such  tha t  
^  = (P -  é  (74)  
and  
dç = dcj) (75)  
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Thus  
cos  3  = COS 0  cos  0^  +  s in  0  s in  0^  cos  g ,  
d( .cos  3)  =  s in  0  s in  0^  s in  ÇdÇ,  
(76)  
(77)  
and  ( s in  0  s in  6  s in  = 
{cos(0  -  8  )  -  cos  3}  {cos  3  -  cos(0  +  0^)}  (78)  
Using  these  express ions  Equat ion  72  becomes  
K(E,E .y ,yJ  = 26(E-EJ  
cos(e-0Q)  
COS (0+0q)  
d(cos  0)  
da  
d3  
[{cos(0  -  8  )  -  cos  3)  {cos  3  -  cos(0  +  0^)}]  (79)  
The  l imi ts  of  in tegra t ion  a re  seen  to  be  those  depic ted  in  F igure  4 .  
Upon subs t i tu t ion  of  Equat ion  50  in to  Equat ion  79  and  us ing  
a  = cos(0  +  8  )  
b  =  cos  (8  -  8  )  




one  obta ins  
K(E,E ,p .u  )  =  -
0  0  pZyZ 
dy  (1  -  y^) '  
( I  +  %3^ -  y)^  ({a  -  y}  {y  -  b}) '  
(81)  
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This  i s  the  des i red  sca t te r ing  cross  sec t ion  for  nuclear  Coulomb 
sca t te r ing .  
Tota l  Cross  Sec t ion  
To obta in  the  to ta l  in te rac t ion  cross  sec t ion  for  e lec t rons  of  a  
g iven  energy  the  d i f fe rent ia l  c ross  sec t ions  a re  in tegra ted  over  aV.  
o ther  parameters .  In  the  case  of  nuc lear  Coulomb sca t te r ing ,  Equat ion  
50  must  be  in tegra ted  over  a l l  g .  For  the  e lec t ron-e lec t ron  sca t te r ing  
th is  means  tha t  Equat ion  51  i s  in tegra ted  over  a l l  x .  The  d i f f icu l ty  in  
per forming e i ther  of  these  in tegra t ions  i s  the  lower  l imi t  for  x  or  3-
In  theory  the  Coulomb forces  be tween the  two par t ic les  ac t  over  an  
in f in i te  separa t ion  so  tha t  the  to ta l  c ross  sec t ion  for  such  an  in te r ­
ac t ion  i s  a l so  inf in i te .  However ,  in  prac t ice  there  i s  usua l ly  some 
range  outs ide  of  which  the  in te rac t ion  can  be  neglec ted .  In  the  case  
of  the  e lec t ron-e lec t ron  sca t te r ing  there  i s  a l so  a  minimum impact  
parameter  cor responding  to  a  head-on  co l l i s ion  such  tha t  no  in te rac t ion  
i s  de tec tab le .  Al l  o f  these  cases  can  be  taken  care  of  by  a  wel l  
chosen  minimum sca t te r ing  angle .  I f  the  resu l tan t  sca t te r ing  angle  i s  
less  than  the  spec i f ied  minimum sca t te r ing  angle ,  the  in te rac t ion  i s  





TT Z î re^Z s in  g  dg  
^min P^v:(l -  cos 3 + h^l) 
472 2776 V  -1 
[2 + %G: (1  +  %G2 - COS G^IN) J (82) 
For  the  to ta l  e lec t ron-e lec t ron  cross  sec t ion  Equat ion  55  must  be  
used  in  conjunct ion  wi th  Equat ion  51 .  Thus  
" e e ' ^ o ^  =  a(E,E )dE .  I do (x) 
x=% 
(83)  
When th i s  express ion  i s  in tegra ted  over  a l l  a l lowed resu l tan t  energ ies ,  
the  express ion  for  the  e lec t ron-e lec t ron  to ta l  c ross  sec t ion  per  e lec t ron  
becomes  
°EE'^o> ° 
Z-nr^iT + 1)2  
T: (T + 2)  
: !  + (21±l l ln  
* (T + 2): 
' l -x '  T^x 




where  f rom Equat ion  52  
(T +  2)  (1  -  cos '  
"  Tt l  -  COS'  +  2  
The  des i red  to ta l  c ross  sec t ion  i s  then  g iven  by  
a (E)  = ( f f^(E)  +  Og[(E)Z)AT0NS 
where  the  a tom dens i ty  i s  g iven  by  
N p 
ATDNS = 
A =  a tomic  weight  
=  Advogadro ' s  number  
p  =  dens i ty  
Examples  o f  th i s  c ross  sec t ion  are  g iven  la te r .  
38 
COMPUTATIONS AND RESULTS 
Computer  Program 
The  computer  programs for  the  approximat ion  were  wr i t ten  in  FORTRAN 
IV for  use  in  the  "G" leve l  compi ler  of  the  Iowa S ta te  Univers i ty  IBM 350 
model  65  computer .  A b lock  d iagram of  the  s t ruc ture  of  these  programs i s  
shown in  Figure  5 .  A b r ie f  descr ip t ion  of  the  var ious  par t s  and  there  
funct ions  i s  g iven  be low.  
The  main  program in i t ia tes  the  var iab les  and  s tores  the  necessary  
c ross  sec t ions .  The  bulk  of  the  subrout ines  a re  ca l led  f rom th is  program.  
The  subrout ine  ELIMIT de termines  the  l imi ts  for  the  in tegra ls  
involved  and EINLIM de termines  the  lowes t  energy  f rom which  e lec t ron-
e lec t ron  sca t te r ing  in to  the  g iven  energy  i s  poss ib le .  SIGT ca lcu la tes  
the  to ta l  c ross  sec t ion  us ing  TOTEE and  TOTCOU to  ca lcu la te  the  to ta l  
e lec t ron-e lec t ron  cont r ibut ion  and the  to ta l  nuclear  Coulomb cont r ibu­
t ions ,  respec t ive ly .  The  func t ion  EESCAT ca lcu la tes  the  e lec t ron-e lec­
t ron  sca t te r ing  cross  sec t ion  whi le  COUSCA ca lcu la tes  the  nuclear  Coulomb 
sca t te r ing  cross  sec t ion .  The  funct ion  COUSCA makes  use  of  a  S impson ' s  
ru le  in tegra t ion  subrout ine  SMPSN to  eva lua te  the  in tegra l  involved .  
The  funct ion  to  be  in tegra ted  i s  g iven  by  the  funct ion  FU.  The  func t ion  
ALPHA ca lcu la tes  the  coef f ic ien ts  for  the  polynomial  in te rpola t ion .  
The  subrout ine  DNODE de termines  the  method of  so lu t ion  for  the  
d i f fe rent ia l  equat ions .  The  par t icu lar  method of  so lu t ion  used  here  i s  
the  predic tor  cor rec tor  method as  g iven  by  Crane  (11 ,  12) .  This  sub­
























Figure  5 .  Block  Diagram Of  Computer  Program.  
40 
wri t ten  by the  s ta f f  of  the  Iowa S ta te  Univers i ty  computa t ion  center .  
The  subrout ine  DCOMPD de termines  the  independent  var iab le  re la t ionships  
of  the  equat ions  to  be  so lved ,  whi le  the  subrout ine  DCOMPY de termines  
the  dependent  var iab le  re la t ionships .  DCOMPT i s  the  subrout ine  which  
de termines  the  output .  
The  predic tor -cor rec tor  procedure  used  in  DhlODE makes  use  of  two 
d i f fe rence  equat ions .  The  predic tor  equat ion  i s  g iven  by  
fn+l  = +  °2  ^n-1  +  ^n-2  +  % ^n-3  
^11 ^n- l  ^1  ^n-2  (^7)  
whi le  the  cor rec tor  equat ion  i s  g iven  by 
V l  "  ^3yn y^  +  y^_^  +  b^  y^_2)  (88)  
The  cons tants  used  by  DNODE a re  
as  = 1 .547650750000002 ^0  = :  -0 .714320050 
«2  = 1 .867506000000002 ®3 "  = 1 .00000 
2.017208049999997 ^4 = :  0 .3750000 
% = 0.69735280 
• ^3 '  : 0.7916666666666667 
^3 = 2.00224730 ^2 = : -0.2083333333333333 
Bp = -2.031686750000002 = 0.04166666666666667 
g. = 1.818611199999999 
The s tep  s ize  i s  g iven  by  h .  The  e r ror  a t  each  s tep  i s  es t imated  by  
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E =  
p  -  r  
^n+1 Vl  
^n+l  
(89) 
To make  use  of  the  predic tor -cor rec tor  equat ions  f i r s t  the  appro­
pr ia te  back  poin ts  a re  used  to  ca lcu la te  The  quant i ty  i s  then  
used  as  in  the  se t  of  equat ions  to  be  so lved  to  ca lcu la te  P^^^ .  
F ina l ly  the  quant i ty  P^^^^  i s  used  toge ther  wi th  the  appropr ia te  back  
poin ts  to  ca lcu la te  The  so lu t ion  y^^^  i s  taken  as  equal  to  the  
quant i ty  The  maximum e r ror  E o f  each  s tep  i s  used  to  ad jus t  the  
s tep  s ize  up or  down according  to  the  des i red  accuracy .  
The  predic tor -cor rec tor  method descr ibed  requi res  four  back  poin ts  
in  order  to  make  a  ca lcu la t ion .  This  requi res  the  use  of  a  d i f fe rent  
method to  s ta r t  the  so lu t ion .  The  method used  in  DNODE for  th i s  purpose  
i s  the  Runge-Kut ta -Gi l l  method as  descr ibed  in  Gi l l  (14) .  
Resul t s  
Tables  1  and 2  show the  parameters  tha t  were  used  in  the  ca lcu la­
t ions .  F igures  5  through 10  show the  resu l t s  of  these  ca lcu la t ions .  The  
to ta l  macroscopic  c ross  sec t ion  used  in  the  ca lcu la t ions  has  the  a lmost  
cons tant  va lue  of  5 .06  x  10^  cm"^ over  the  energy  range  used  in  the  ca l ­
cula t ions .  F igure  11  shows some typica l  sca t te r ing  cross  sec t ions .  Al l  
the  t ransmiss ion  probabi l i t ies  shown in  the  f igures  have  the  angular  
dependence  in tegra ted .  The  in tegra t ion  was  car r ied  out  by  not ing  tha t  
the  weight ing  funct ions  for  two poin t  Gauss ian  quadra ture  a re  
Wi .2  
max mm i  = 1 ,  2  (90)  
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Table  1 .  Parameters .  
Mater ia l ,  Aluminum 
Parameter  Symbol  Value  Uni t s  
Atomic  Number  Z 13  
Atomic  Weight  A 25 ,98  gm/mole  
Dens i ty  P 2 .699 gm/cm^ 
Mean Exci ta t ion  Energy  I  1 .396 x  10"^  Mev 
Computa t iona l  
Parameter  Symbol  Value  Uni t s  
In i t ia l  S tep  S ize  H 2 .0  x  10~^°  cm 
Number  o f  Poin t  
Energy  Ninter  5  
Angular  Nang 2  
Energy ,  In tegra t ion  Nerg  5  
In terpola t ion  N 3  (2nd Order)  
Minimum Sca t te r ing  Angle  
Cos ine  Ay 0 .9999999 
Angle  1 '  57"  
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^  ^ E.  =  1 .0  Mev 
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\ Run A x=6.36x10"* 
I \  ^ 48x10"* I 














— -a ; -
I v / '  
t  
_  1 T  
.99985 ,99990 ,99995 :L0 
Resul tan t  Energy ,  (Mev)  












10 2 _ 




E j  =  1 . 0  M e v  








/  g/  x=4.25x10"® 
iu 
qr '  
-o— 
,-0- • 






.99985 .99^90 . ,99995 
Resul tan t  Energy, E. (Mev)  











C O  L O  
ra 





Ej  = 1 .0  Mev 
Run C Pos i t ion  Of  
Peak  From 
Equat ion  95  
X = 4.21 X ICTG 
X = 7.92 X lOl* 
X = 1.02 X 10"^ ^ 
Landau 
X = 7 .0  X 10 
0.99985 0.99990 0.99995 1..Q 
Resul tan t  Energy ,  (Mev)  
F igure  8 .  Energy  Dis t r ibut ion  For  Run C.  
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Tab le  2 .  Mesh  Po in t s  
Energ ies  (Mev)  Cos i  nés  Ang les  
U. 0.99996214 29'  56" 
Eg 0 .99988 Wg 0 .99998986 1 5 '  3 4 "  













The  angu la r  cos ines  were  ca l cu la t ed  by  t he  compute r  p rogram to  l i e  on  
the  p roper  mesh  po in t s  fo r  two-po in t  Gauss ian  quadra tu re .  Thus  
T(x ;E^ ,E j )  =  
rU rU 
• max  j  i^max  
^min  mm 
(^max  -  ^  ^  ^  ^  ^  ( 91 )  
The  cu rves  ske tched  th rough  the  po in t s  o f  F igures  5 ,  7 ,  and  8  a re  l i t t l e  
more  than  a  means  o f  connec t ing  those  po in t s  wi th  pa ramete r s  i n  common,  
because  o f  the  r e l a t ive ly  wide  sepa ra t ion  be tween  the  ene rgy  mesh  po in t s .  
A g rea t  dea l  more  in fo rmat ion  was  ca l cu la t ed  in  each  run .  The  r e su l t s  
dep ic t ed  in  the  f igu res  r ep resen t  on ly  the  va lues  in  the  r eg ions  o f  
p r imary  in t e res t .  
In  the  fo l lowing  d i scuss ion  r e fe rence  i s  made  t o  con t inuous  s lowing  
down theory .  The  con t inuous  s lowing  down theory  a s  deve loped  by  Rohr l i ch  
and  Car l son  (27)  i s  based  upon  Be the ' s  s topp ing  power  theory  (7 ) .  The  
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express ion  fo r  th i s  theory  g iven  in  Zerby  and  Ke l l e r  (33)  i s  
dE _ 
dx  
3 '  
A In  
where  F (T q)  =  1  -  3^  +  ë r  -  (2TQ+l ) ln2  




=  k ine t i c  ene rgy  o f  i nc iden t  pa r t i c l e  in  mc^  un i t s ,  
mc2  






=  a tomic  number  
=  a tomic  we igh t  
=  mean  exc i t a t ion  ene rgy  
=  dens i ty  e f f ec t  co r rec t ion  
=  Avagadro ' s  number  
=  c l a s s i ca l  e l ec t ron  rad ius  
In  add i t ion  to  the  ene rgy  lo s s  g iven  by  Equa t ion  92  an  energy d i s ­
tribution for continuous slowing down theory has been developed by Landau 
(19)  and  t abu la t ed  by  Borsch-Supan  (9 ) .  Th i s  d i s t rubu t ion  i s  g iven  by  
f (À)  =  Ô—r exp{u  In  u  +  Au}du  




( 9 5 )  
wi th  N =  atom dens i ty  a toms  
cm 
X =  d i s t ance  t r ave led ,  cm 
,  27i r2{T^+l )2  
W =  ene rgy  los s  in  mc^  un i t s  
Th i s  expression i s  l imi t ed  to  the  r eg ion  W «  T^.  
Since t he  th i cknesses  cons ide red  he re  a re  l e s s  than  one  mean  f r ee  
pa th ,  t he  ene rgy  d i s t r ibu t ion  g iven  in  F igures  6 ,  7 ,  and  8  shou ld  peak  
nea r  the  mean  r e su l t an t  ene rgy  fo r  a  s ing le  co l l i s ion .  Th i s  fo l lows  
f rom the  f ac t  tha t  the  p robab i l i ty  o f  a  pa r t i c l e  su f fe r ing  more  than  one  
o r  two  co l l i s ions  i s  ve ry  low fo r  th i cknesses  l e s s  than  one  mean  f r ee  
pa th .  An  e s t ima te  o f  t h i s  mean  ene rgy  los s  can  be  made  wi th  con t inuous  
s lowing  down t heory .  The  number  o f  co l l i s ions  pe r  cen t ime te r  o f  pa th  
l eng th  i s  g iven  by  t he  macroscop ic  cross  sec t ion  whi l e  Equa t ion  93  g ives  
the  energy  l o s s  pe r  cen t ime te r .  Thus  fo r  one  Mev  i nc iden t  e l ec t rons  
—1 \ ~ fs 116 1 
dxJ  c r (E)  [  J  6 .1  X 10^  co l l i s ions /cm 
=  8 .4  X  lO ' s  Mev  (96 )  
co l l i s ion  
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Thus  t he  ene rgy ,  where  t he  peak  shou ld  occur  fo r  inc iden t  pa r t i c l e s  o f  
one  Mev ,  i s  abou t  0 .999992  Mev .  
In  add i t ion  to  the  cu rves  f rom Landau ' s  d i s t r ibu t ion  ano the r  check  
on  the  magn i tude  can  be  ob ta ined  to  the  de f in i t ion  o f  t r ansmiss ion  p rob­
ab i l i ty .  The  ene rg ies  cons ide red  in  these  examples  a re  so  c lose  to  the  
source  ene rgy  tha t  the  mul t ip l i ca t ion  o f  e l ec t rons  i s  imposs ib le .  There ­
fo re  the  to t a l  p robab i l i ty  o f  t r ansmiss ion  mus t  be  l e s s  than  one .  The  
t o t a l  t r ansmiss ion  p robab i l i ty  can  be  de f ined  a s  the  r a t io  o f  the  to t a l  
number  o f  t r ansmi t t ed  pa r t i c l e s  to  the  to t a l  number  o f  i nc iden t  pa r t i c l e s .  
Wi th  an  inc iden t  f lux  o f  
4 ,{E^ ,y„ )  =  « (E  -  E^)  (97)  
t he  to t a l  t r ansmiss ion  p robab i l i ty  becomes  
Ty(%)  =  
£=0  • '  E=0  Ju=0  u„=0  
$ (Eo 'Uo)dEo  d^ 'o  T (x ;E .Eo . % . W o )dE  
E=0  /  y=0  
( j>CE, ] i )dE  d i i  
< 1 (98)  
For  t he  case  in  ques t ion  the  ave rage  t r ansmiss ion  p robab i l i ty  T  wi l l  be  
used  to  p rov ide  an  e s t ima te  o f  t he  magn i tude  o f  T(x ;E ,E , i i , ] j ^ ) .  Wi th  
: h i s  approx imat ion  Equa t ion  98  becomes  
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T  Ay  Ay  AE 
ÂÎT- S 1 
"hus  
1 T  <  
%  AE 
T <  = 1 . 3 x 1 0 ®  ( 9 9 )  
( 4 .8  X l .O ' s )  (1 .6  X ICT^)  
An  e s t ima te  o f  t he  peak  va lue  o f  t h i s  ind iv idua l  t r ansmiss ion  p rob­
ab i l i t i e s  T^ j^^ (x )  can  be  ob ta ined  f rom Equa t ion  40  by  neg lec t ing  the  
t erms  due  to  the  in t eg ra l  - eva lua t ion .  At  t he  peak  t ransmiss ion  proba­
b i l i t y  the  de r iva t ive  wi l l  be  ze ro ,  so  tha t  the  f i r s t  and  l a s t  t e rms  
must  be  approx imate ly  equa l  i n  magn i tude .  Wi th  t he  ca lcu la t ed  c ross  
sec t ions  the  fo l lowing  r e su l t s  can  be  ob ta ined .  
Wi th  =  0 .99995  Mev  
E j  =  0 .9999504  Mev  
y  =  y  =  y?  =  0 .99998985  
m n  2  
fhe  cross sec t ion  fo r  these  pa ramete r s  a re  
a (E , )  =  6 .1  X IQS 
-  1 .3  X 10*® cm"-  Mev '^ (un i t  so l id  ang le ) " '  
i jmn  
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S ince  the  peak  in  t r ansmiss ion  p robab i l i ty  fo r  these  pa ramete r s  i s  
expec ted  a t  abou t  x  =  2 .0  x  10"^ ,  t he  unco i l ided  t r ansmiss ion  p roba­
b i l i t y  has  been  ca lcu la t ed  by  t he  compute r  p rogram as  
Thus  
T  ^  (1 -3  X 10 i8 ) (2 .8  X 10"M 
Peak  6 ,1  X IQS 
=  6 .0  X IQi i  (101)  
Th i s  peak  va lue  does  no t  ag ree  wi th  the  es t ima ted  ave rage  va lue  f rom 
Equa t ion  99 .  The  peak  va lue  migh t  r easonab ly  be  a  f ac to r  o f  10  l a rge r  
than  the  ave rage  bu t  no t  a  f ac to r  o f  10^  o r  more .  Th i s  d i sc repancy  
l eads  one  to  ques t ion  the  ca lcu la t ed  va lues  fo r  the  c ross  sec t ions .  
As  t he  th i ckness  approaches  one  mean  f r ee  pa th ,  t he  ene rgy  shou ld  
co r respond  to  the  mean  ene rgy  los s  found  by  in t eg ra t ing  Equa t ion  92 .  
Thus  
rX 
AE =  
0  I  
fdEl  
dx  dx  (102)  
From th i s  express ion  i t  can  be  seen  tha t  co r respond ing  to  each  x  t he re  
i s  one  mean  ene rgy .  In  a  r eg ion  where  con t inuous  s lowing  down theory  
can  be  a s sumed  to  ho ld ,  t he  ene rgy  d i s t r ibu t ion  shou ld  peak  a t  th i s  mean  
ene rgy .  In  add i t ion ,  the  t r ansmiss ion  p robab i l i ty  fo r  a  g iven  ene rgy  
ù6  
shou ld  peak  a t  the  va lue  o f  x  cor respond ing  to  tha t  ene rgy .  In  add i t ion  
to  the  peak  ene rgy  p red ic t ed  by  con t inuous  s lowing  down theory ,  the  ene rgy  
d i s t r ibu t ions  shou ld  be  c lose  to  those  p red ic t ed  by  Equa t ion  94 .  
Run  A was  ca l cu la t ed  us ing  f ive -po in t  Gauss ian  quadra tu re  to  approx­
ima te  the  ene rgy  dependen t  i n t eg ra l s .  No peak  can  be  es tab l i shed  because  
o f  t he  coarseness  of  the  mesh  po in t s .  The  magn i tudes  o f  t he  used  
in  these  ca lcu la t ions  were  in  the  o rde r  o f  10^® and  10^^  and  l a rge r .  
Th i s  i s  in  con t ra s t  t o  the  o rde r  o f  magn i tude  e s t ima ted  by  Equations 96  
and  99 .  Fur the r ,  t he  va lues  o f  t r ansmiss ion  p robab i l i ty  a re  shown by  
F igures  6  and  9  to  diverge  i n  an  unexpec ted  manner .  In  add i t ion  to  the  
r e su l t s  shown here  t he  exponen t i a l  approx imat ion  was  used  on  a  t r i a l  
bas i s .  The  r e su l t s  fo r  the  exponen t i a l  approx imat ion  d ive rged  in  an  
even  more  d ras t i c  manner .  
Run  B was  a  con t inua t ion  o f  Run  A w i th  the  in t eg ra l  t e rm o f  the  
equa t ions  a rb i t r a r i ly  suppressed  by  a  f ac to r  o f  10 .  Th i s  was  done  to  
g ive  an  ind ica t ion  o f  the  dependence  o f  t r ansmiss ion  p robab i l i ty  on  
t he  eva luat ion  of  the  in t eg ra l .  The  r e su l t s  show a  ve ry  marked  dependence  
cm the  i n t eg ra l  t e rm.  In  Run  B i n s t ead  o f  d ive rg ing  the  t r ansmiss ion  
probabi l i ty  decreased  wi th  inc reas ing  th i ckness .  
Run  C represents t he  so lu t ions  ob ta ined  by  suppress ing  the  in t eg ra l  
t e rm by  a  f ac to r  o f  10  th roughou t  t he  en t i r e  run .  Because  o f  t h i s  
a rb i t r a ry  suppress ion ,  t he  mul t ip l e  sca t t e r ing  rep resen ted  by  t he  in t eg ra l  
term is not adequately represented. The results of Run C do not diverge, 
but peak in the expected manner. The shape of the energy distribution 
seems  to  fo l low the  shape  g iven  by  Equa t ion  94  fo r  smal l  x ,  bu t  once  
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aga in  i t  i s  no t  poss ib le  to  de te rmine  an  accura te  cu rve  wi th  so  f ew  mesh  
po in t s .  Th i s  d i f f e rence  in  expec ted  magn i tude  i s  on  the  same  o rde r  a s  
the  d i f f e rence  be tween  the  expec ted  peak  and  e s t ima ted  ave rage  f rom 
Equa t ions  96  and  99 .  Th i s  d i f f e rence  in  expec ted  magn i tude  was  a l so  
obse rved  th roughou t  the  ca lcu la t ed  r e su l t s .  One  poss ib le  exp lana t ion  
fo r  th i s  d i f f e rence  i s  tha t  the  va lues  ca lcu la t ed  fo r  the  c ross  sec t ions  
a re  no t  co r rec t .  
The  d ive rgence  in  the  magn i tude  no ted  in  Run  A can  be  exp la ined  in  
pa r t  by  t ak ing  a  ca re fu l  look  a t  the  approx imat ion  o f  the  in t eg ra l  t e rm 
o f  Equa t ion  27 .  I t  i s  no ted  tha t  the re  a re  th ree  con t r ibu t ions  to  the  
f i r s t  de r iva t ive  o f  t r ansmiss ion  p robab i l i ty  wi th  r e spec t  t o  x  g iven  by  
Equa t ion  27 .  The  f i r s t  two  a re  pos i t ive ,  and  the  l a s t  t e rm i s  nega t ive .  
Upon  examina t ion ,  t he  f i r s t  t e rm i s  seen  to  s t a r t  ou t  l a rge  and  dec rease  
a s  x  inc reases .  The  second  term,  con ta in ing  the  in t eg ra l s ,  va r i e s  in  a  
somewha t  more  complex  manner .  However ,  i t  shou ld  be  expec ted  to  va ry  in  
a  manner  s imi l a r  to  that  of  the  t r ansmiss ion  p robab i l i ty .  The  t r ansmis ­
sion probability is expected to start out small and increase to a peak 
and  then  to  f a l l  o f f  r ap id ly  a s  x  inc reases .  Th i s  expec ted  behav io r  o f  
the  t r ansmiss ion  p robab i l i ty  a l so  shows  t ha t  the  de r iva t ive  shou ld  s t a r t  
out  pos i t ive ,  pass  th rough  ze ro ,  and  become  nega t ive  a s  x  increases .  I f  
the  only  con t r ibu t ions  were  f rom the  f i r s t  and  t h i rd  t erms ,  t h i s  would  
most  ce r t a in ly  be  the  case .  Wi th  t he  second  t e rm inc luded ,  t he  magn i tude  
o f  t he  th i rd  t e rm mus t  g row f a s t e r  than  the  magn i tude  o f  the  second  t e rm 
fo r  the  der iva t ive  to  become nega t ive .  Th i s  cond i t ion  g ives  r i s e  to  a  
s i tua t ion  which  could  exp la in  the  d ive rgence  in  the  resu l t s  of  Run  A .  
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I f  at some  th i ckness  x  the  in t eg ra l  t e rm domina tes  t he  other t v /o  t e rms  
and  i f  the  approx imat ion  o f  the  in tegra l  overes t ima tes  the  va lue  o f  t he  
in t eg ra l ,  a  d ive rgen t  s i tua t ion  would  ex i s t .  In  t h i s  case  the  in t eg ra l  
t e rm wi l l  cause  the  de r iva t ive  to  be  ove res t ima ted  and  t h i s  in  tu rn  
wi l l  cause  the  in t eg ra l  t o  be  l a rge r  than  expec ted .  Each  succeed ing  
s t ep  wi l l  cause  an  inc rease  in  the  e r ro r .  The  e r ro r  could  ac tua l ly  
inc rease  a s  some  f ac to r  to  the  power  o f  the  number  o f  s t eps .  
Th i s  r eason ing  wi l l  a l so  exp la in  why  t he  t r ansmiss ion  p robab i l i t i e s  
fo r  the  ene rg ies  f a r thes t  f rom t he  source  ene rgy  would  t he re fo re  
S ta r t ing  f rom t he  source  ene rgy  each  lower  ene rgy  has  a  wide r  i n t e rva l  
o f  i n t eg ra t ion .  The  same  number  o f  mesh  po in t s  were  used  fo r  each  o f  
these  in t eg ra t ions .  I t  would  t he re fo re  seem reasonab le  to  expec t  t he  
e r ro r  to  inc rease  a s  the  wid th  o f  the  in t e rva l  i s  inc reased .  The  t r ans ­
miss ion  to  the  ene rg ies  f a r the res t  f rom t he  source  ene rgy  would  t he re fo re  
have  the  l a rges t  e r ro r  and  would  inc rease  the  f a s t e s t .  In  addi t ion  t he  
t r ansmiss ion  to  ene rg ies  f a r the r  f rom the  source  ene rgy  depend  more  
heav i ly  upon  mul t ip l e  sca t t e r ing .  The  in t eg ra l  t e rm p rov ides  the  con­
t r ibu t ion  fo r  mul t ip l e  sca t t e r ing .  Thus  t he  t r ansmiss ion  p robab i l i t i e s  
fo r  ene rg ies  f a r the r  f rom t he  source  energy  would  r e f l ec t  the  e r ro r s  o f  
eva lua t ion  more  than  t r ansmiss ion  p robab i l i t i e s  fo r  energ ies  r e l a t ive ly  
c lose  to  the  source  energy .  
The  r e su l t s  shown in  Figures 6  th rough-10  demons t ra t e  t he  accuracy 
o f  t he  p reced ing  d i scuss ion .  In  Run  A t he  t r ansmiss ion  p robab i l i t i e s  
d ive rge  r ap id ly ,  bu t  i n  Run  B w i th  the  in t eg ra l  t e rm reduced  in  impor ­
tance the transmission probabilities show a dramatic change from 
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d ive rgence  to  r e l a t ive ly  g radua l  dec rease .  Th i s  behav io r  c l ea r ly  shows 
t ha t  the  in t eg ra l  t e rm i s  caus ing  the  d ive rgence .  The  f ac to r  o f  10  used  
to  suppress  the  in t eg ra l  t e rm in  Runs  B and  C i nd ica te s  tha t  the  ove r -
eva lua t ion  o f  t he  in t eg ra l s  i s  p robab ly  l e s s  than  a  fac tor  of  10 .  How­
eve r ,  any  over -eva lua t i on  cou ld  cause  an  uns tab le  s i tua t ion  to  ex i s t .  
The  mos t  impor tan t  s ing le  f ac to r  in  the  e r ro r  fo r  eva lua t ing  the  
in t eg ra l s  seems  t o  be  the  wide  mesh  spac ing .  I t  i s  c l ea r  f rom F igures  
5  and  5  tha t  the  ene rgy  mesh  spac ing  i s  no t  near ly  f ine  enough  to  desc r ibe  
the  cu rves  adequa te ly .  Equa t ion  48  shows  t ha t  the  number  of  equa t ions  
to  be  so lved  inc reases  rough ly  a s  the  square  o f  the  number  o f  ene rgy  
mesh  po in t s .  Th i s  means  t ha t  the  sys tem of  equa t ions  ge t  p roh ib i t ive ly  
l a rge  when a  su f f i c i en t  number  o f  po in t s  a re  taken  t o  reso lve  t he  in t e ­
grands. Since computer core storage is limited, one could recalculate 
t he  c ross  sec t ions  and  in t e rpo la t ion  coe f f i c i en t s  each  t ime  they  a re  used  
ins t ead  o f  s to r ing  them.  However ,  t he  run  t ime  i s  a l so  r e l a t ive ly  h igh  
fo r  the  p resen t  ca l cu la t ions .  The  p rogram can  so lve  the  sys tem o f  
equa t ions  fo r  one  s t ep  in  abou t  one  second ,  bu t  i t  i s  necessa ry  to  so lve  
the  equat ions  fo r  seve ra l  hundred  s t eps  in  o rde r  to  ge t  to  a  r ange  o f  
practical interest.  The run time also increases as the number of equa­
t ions  i nc reases .  
The  s to rage  d i f f i cu l t i e s  in  the  compute r  may  be  reduced by  mak ing  
use  o f  t ape  and  d i sk  s to rage .  Bo th  o f  t hese  methods  wi l l  i nc rease ' the  
run  t ime ,  bu t  pe rhaps  the  increase  wi l l  no t  be  s ign i f i can t  in  compar i son  
t o  the  inc rease  in  run  t ime  fo r  so lv ing  the  add i t iona l  equat ions .  There  
are programing methods, such as program overlays, which could also 
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dec rease  the  s to rage  requ i remen t s .  Run  t ime  can  poss ib ly  be  reduced by  
a  be t t e r  o rde r ing  o f  the  coe f f i c i en t s  and  computa t ions .  
Upon  ca re fu l  examina t ion  o f  t he  in t eg ra l s  invo lved  in  the  sys tem 
o f  equa t ions  ano the r  poss ib i l i t y  fo r  inc reas ing  the  accuracy  o f  t he  
in t eg ra l  t e rms  seems  t o  ex i s t .  Severa l  o f  t he  in t e rva l s  o f  i n t eg ra t ion  
ove r l ap .  Thus  i f  the  va lue  o f  t he  in t eg ra l s  fo r  the  sma l l e r  i n t e rva l s  
were  saved ,  on ly  the  contr ibut ion  o f  t he  add i t iona l  in t e rva l  needs  t o  
be  ca l cu la t ed .  The  e f f ec t  o f  t h i s  would  be  the  use  o f  many  more  po in t s  
t o  eva lua te  the  in t eg ra l s  on  the  l a rge r  in t e rva l s .  One  d rawback  i s  the  
add i t iona l  s to rage  requ i remen t s  i n  a  s i tua t ion  which  a l r eady  has  s to rage  
d i f f i cu l t i e s .  Ano the r  d i f f i cu l ty  i s  p rograming  these  changes ,  s ince  th i s  
p roposa l  wou ld  r equ i re  a  compl ica ted  index ing  sys tem and  a  r ea r rangement  
o f  t he  ca lcu la t ions .  
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SUMMARY 
Discuss ion  
From the  r e su l t s  shown in  F igures  6  th rough  10  i t  appea r s  t ha t  the  
normal  approx imat ion  has  mer i t .  The  r e su l t s  a re  encourag ing  cons ide r ing  
the  number  and  type  o f  approx imat ions  made  i n  the  deve lopment  o f  t he  
equa t ions .  From these  r e su l t s  i t  i s  poss ib le  to  see  some  o f  the  
advantages and disadvantages of this method. 
One  o f  the  p r inc ipa l  advan tages  i s  the  amount  o f  in fo rmat ion  ava i l ­
ab le .  Because  o f  the  fo rm o f  the  t r ansmiss ion  p robab i l i t i e s  
any  genera l  f lux  can  be  used .  Wi th  some  genera l  i nc iden t  f lux  é (E , i i )  
t he  t ransmit ted  f lux  can  be  found  by  us ing  the  equa t ion  
These t r ansmi t t ed  f luxes  can  then  be  converted t o  dose  r a t e s  wi th  the  
appropr i a t e  convers ion  f ac to r s .  Th i s  f ea tu re  a l lows  the  t r ansmiss ion  
p robab i l i t i e s  to  be  ca l cu la t ed  fo r  a  g iven  th i ckness  x  fo r  any  genera l  
source  f lux  wi thou t  r eca lcu la t ion .  Ano the r  a t t r ac t ive  f ea tu re  o f  t he  
method  i s  tha t  in  ca lcu la t ing  the  t r ansmiss ion  p robab i l i t i e s  for  t h i ckness  
X a l l  the  t r ansmiss ion  p robab i l i t i e s  fo r  th i ckness  l e s s  than  x  / e  a l so  
found.  In  addi t ion ,  s ince  the  equa t ions  to  be  so lved  a re  o f  i he  in i t i a l  
va lue  type ,  t he  p rob lem may  be  r e s t a r t ed  a t  any  th i ckness  where  the  
f f i ^ (E ,y )  =  ( i ) (E ,u )  T^ (x ;E ,u )  
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t r ansmiss ion  p robab i l i t i e s  a re  known.  Thus  i t  i s  no t  necessa ry  to  r eca l ­
cu la t e  the  f i r s t  pa r t  o f  t he  so lu t ion  in  o rde r  to  go  on  to  l a rge r  th i ck ­
nesses .  
Whi le  t h i s  has  no t  been  conf i rmed  by  the  p resen t  inves t iga t ions ,  
i t  appea r s  t ha t  cons ide rab le  compute r  t ime  migh t  be  saved  by  t h i s  method  
ove r  some  o f  t he  Monte  Car lo  methods .  I t  a l so  appea r s  that  t he  
b re inss t r ah lung  con t r ibu t ion  can  be  t aken  in to  account  wi thou t  much  
add i t iona l  e f fo r t .  The  p r imary  d i f f i cu l ty  would  be  i n  the  ca lcu la t ion  
o r  t abu la t ion  o f  the  appropr i a t e  c ross  sec t ions  and  the  a s soc ia t ed  
s to rage  in  the  compute r .  
Among  t he  more  s eve re  d i sadvan tages  o f  the  inva r i an t  imbedd ing  method  
i s  the  inab i l i ty  to  dea l  wi th  more  than  one -d imens iona l  geomet ry .  
A d i sadvan tage  o f  t h i s  method  a s  app l i ed  to  e l ec t ron  t r anspor t  theory 
i s  the  extens ive  ca lcu la t ion  necessa ry  because  o f  the  r ap id ly  va ry ing  
in i t i a l  behav io r  o f  the  t r ansmiss ion  p robab i l i t i e s .  Mos t  o f  t hese  ca lcu ­
l a t ions  l i e  in  a  range  of  th i ckness  too  smal l  fo r  p rac t i ca l  i n t e res t .  
This l a rge  number  o f  computa t ions  a l so  l eads  to  round-of f  e r ro r  and  an  
undes i r ab le  lo s s  o f  accuracy .  However ,  t he  p red ic to r -co r rec to r  method  
o f  so lu t ion  has  been  shown by  Crane  (11 ,  12)  t o  reduce  t he  p ropoga ted  
e r ro r  in  the  so lu t ion  under  ce r t a in  cond i t ions .  I f  t h i s  i s  t rue ,  i t  
should  he lp  r educe  the  e f f ec t  o f  round-of f  e r ro r .  
The  computer so lu t ion  i s  l imi t ed  by  the  amount  o f  co re  s to rage  ava i l ­
ab le .  Th i s  rather  seve re ly  r e s t r i c t s  the  number  o f  mesh  po in t s  poss ib le .  
The  number  o f  equa t ions  which  mus t  be  so lved  i s  g iven  in  Equat ion  48 .  
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Wi th  on ly  a  ve ry  few mesh  po in t s  the  number  o f  equa t ions  becomes  
p roh ib i t ive ly  l a rge .  The  amount  o f  co re  s to rage  requ i red  i s  approx imate ly  
p ropor t iona l  t o  the  square  o f  the  number  of  equa t ions .  
One  o f  t he  d i sadvan tages  which  i s  apparen t  from t he  example  i s  tha t  
the  va lues  used  fo r  energy  and  angu la r  mesh  po in t s  l i e  outs ide  t he  range  
o f  those  which  migh t  appea r  i n  more  p rac t i ca l  p rob lems .  One  poss ib le  
method of surmounting this difficulty is suggested as a topic for further 
s tudy  and  g iven  in  de ta i l  i n  the  append ix .  
The  key  t o  making t h i s  approach  more  accura te  and more  wide ly  app l i ­
cab le  i s  the  approx imat ion  o f  the  in t eg ra l  t e rm in  the  equa t ions .  I t  i s  
impor tan t  t o  approx imate  t h i s  in t eg ra l  a s  we l l  a s  poss ib le ,  bu t  i t  i s  
even  more  impor tan t  t o  a s su re  tha t  the  approx imat ion  underes t ima tes  
the  in t eg ra l  rather  than  overes t ima tes .  
Sugges ted  Fur the r  S tudy  
Further  r e sea rch  i s  necessa ry  to  ex tend  th i s  method  to  more  ene rg ies  
and  ang les .  The  r e f l ec t ion  equa t ion  cou ld  be  inves t iga ted  s ince  the re  
a re  some  app l i ca t ions  where  e lec tron  r e f l ec t ion  i s  impor tan t .  One  
i n t e res t ing  l ine  of  r e sea rch  cou ld  be  the  inves t iga t ion  o f  b remss t rah lung  
p roduc t ion  us ing  invar iant  imbedd ing .  Th i s  wou ld  invo lve  the  so lu t ion  o f  
the  coup le  equa t ions  in  which  t he  e l ec t rons  would  p roduce  b remss t rah lung .  
A t op ic  tha t  i s  o f  particular i n t e res t  would  a l low a  much broader  
r ange  o f  ang les  and  ene rg ies  to  be  used .  Because  o f  i t s  poss ib le  impor ­
t ance ,  i t  i s  p resen ted  in  the  append ix  in  some  de ta i l .  Th i s  me thod  
combines  t he  con t inuous  s lowing  down mode l  w i th  the  inva r i an t  imbedd ing  
53 
method .  The  con t inuous  slowing down mode l  accoun t s  fo r  the  ma jo r i ty  o f  
the electrons which are only slightly deflected, while the invariant 




As no ted  in  the  introducing chapter, e lec t ron  in t e rac t ions  with 
mat te r  a re  cha rac te r i zed  by  a  l a rge  number  o f  r e l a t ive ly  s l igh t  in t e r ­
ac t ions .  Th i s  e f f ec t  l eads  to  a  g radua l  decrease  i n  ene rgy  and  on ly  
s l igh t  dev ia t ion  in  d i r ec t ion .  Whi le  t he  d iv i s ion  be tween  s l ight  i n t e r ­
ac t ion  and  l a rge  in t e rac t ion  i s  somewha t  a rb i t r a ry  dis t inc t ion ,  i t  has  
l ed  to  a  wor thwhi l e  me thod  fo r  approx imat ing  e l ec t ron  t ransport  t heory ,  
t he  con t inuous  s lowing  down theory .  Since  th i s  con t inuous  s lowing  down 
mode l  has  been  used  success fu l ly  to  accoun t  fo r  a  l a rge  por t ion  o f  t he  
e l ec t ron  in t e rac t ion  with  mat te r ,  i t  would  on ly  seem reasonab le  to  
incorpora te  t h i s  mode l  i n to  the  p resen t  approach  in  order  t o  reduce  the  
complex i ty  o f  t he  p rob lem,  reduce  t he  t ime  r equ i red  fo r  so lu t ion ,  and  
inc rease  the  range  of  app l i cab i l i ty .  
Bas ic  Equa t ions  Wi th  Con t inuous  S lowing  Down 
In  o rde r  t o  in t roduce  the  con t inuous  s lowing  down mode l  i t  i s  
necessa ry  to  dev i se  a  who le  new de r iva t ion  o f  the  t r ansmiss ion  and  
r e f l ec t ion  equa t ions .  The  re f l ec t ion  and  backsca t t e r ing  con t r ibu t ions  
wi l l  aga in  be  a s sumed  neg l ig ib le  in  o rde r  to  s impl i fy  t he  ana lys i s  and  
computations. Therefore, the reflection equations will not be derived 
us ing  the  con t inuous  s lowing  down mode l .  The  cont inuous  s lowing  down 
model is introduced by assuming that all scattering interaction^ which 
cause  l e s s  than  a  cer ta in  def l ec t ion  a re  accounted  fo r  by  t he  con t in ­
uous  s lowing  down mode l .  The  macroscop ic  t o t a l  cross  sec t ion  a (x ;E)  
becomes  the  c ross  sec t ion  fo r  a  react ion  i n  which  a  change  o f  g rea te r  
tiiùii A'ji occurs. Al l  particles which  do  no t  su f fe r  such  a  co l l i s ion  a re  
assuzsd to continus without deflection, but to lose energy according to 
t he  con t inuous  s lowing  down model .  The  de f in i t ion  o f  scat ter ing  c ross  
sec t ion  remains  essen t i a l ly  unchanged  from t he  one  used  i n  de r iv ing  the  
rd f ' i ec t i on  equa t ions  in  a  prev ious  sec t ion .  I t  i s  s t i l l  poss ib le  fo r  a  
pa r t i c l e  to  exper i ence  sca t t e r ing  f rom one  d i r ec t ion  y  to  the  same  d i r ec  
t ion  u .  The  on ly  case  where  t h i s  k ind  o f  s ca t t e r ing  i s  no t  a l lowed  i s  
when  t he  r e su l t ing  de f l ec t ion  i s  l e s s  than  t he  prescr ibed  Ay.  The  
de f in i t ion  o f  t he  di f fuse  t r ansmiss ion  func t ion  remain  the  same,  but  t he  
nonco l l i s ion  t r ansmiss ion  T^(x;E,%)  i s  somewha t  changed .  This  quan t i ty  
now becomes  t he  p robab i l i ty  pe r  un i t  ex i t  surface  a rea  tha t  pa r t i c l e s  
wi l l  be  t ransmit ted  t h rough  a  s l ab  o f  th ickness  x  wi thou t  su f fe r ing  a  
def lec t ion  grea te r  than  Ay .  The  ene rgy  o f  these  pa r t i c l e s  a t  the  ex i t  
su r face  wi l l  be  de te rmined  by  ihe  cont inuous  s lowing  down model  as  g iven  
in  Equa t ions  92  and  93 .  Wi th  Equa t ions  92  and  93  the  energy  of  a  pa r t i e "  
wi th  i n i t i a l  ene rgy  E and  d i r ec t ion  af ter  t r ave r s ing  a  d i s t ance  o f  
A bee  .  o  
fX  X"  
E  V 1 i ^ i  — 104)  Q , , -I V. , . , 
i-o r  thin slabs of  thickness Ax Equa t ion  104  becomes  
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The  con t r ibu t ing  t e rms  co r respond ing  to  Equa t ions  17 ,  18 ,  and  19  
now become  
ae 
= K(x ;E '  -  ,  EQ -  —2^ ' ,  WiUgjdE  du  T^(x ;E , i i )Ax  (106 )  
-1 r 
T, = I I K(x;E'-AE',E. ,u',Wn)dE' dp 
Jp '=0  Jo  0  0  
T(x;E,E',w,w')dE dp 
, ^ 
u '  
(107)  
lo  =  T(x ;E ,EQ-AEQ,U,y^)dE  d] i  (108) 
As in  the  de r iva t ion  o f  Equa t ion  23  the  to t a l  d i f fuse  t r ansmiss ion  
p robab i l i ty  at  x  +  Ax i s  equa l  t o  the  sum o f  t he  con t r ibu t ions  
l(xf x;E,E )dE dp = % 
0  0  4=1  1  
(109)  
However ,  t he re  i s  an  add i t iona l  compl ica t ion  a r i s ing  ou t  of t he  use  o f  
t he  con t inuous  s lowing  down mode l .  In  o rde r  to  reduce  Equa t ion  109  to  
o rde r  Ax o r  l e s s  and  to  allow Ax t o  approach ze ro ,  the  fo l lowing  result 




- T(x ;E ,E^-AE^ ,y ,y^^)  
— 
= Li in  
Ax-h3 




T (x ;E ,E^ ,y ,y^ )  -  T(x ;E ,E^-AE^ ,u ,y^ )  
— 
k T ( x ; E , E „ .P . u„ )  
L im 
AxO 
T(x ;E ,EQ,y ,U^)  -  T(x ;E ,E^-AE,u ,y^ ) '  
0 
3^  T(x ;E ,E^ ,y ,y^ )  +  
3  
Lim 
A x - > 0  
AE,  
A X  
dx  
J  
T (x ;E ,EQ, ; ,yQ)  (110)  
Wi th  t h i s  r e su l t  and  by  no t ing  tha t  
Lim AE =  0  
Ax^O 
the  t r ansmiss ion  equa t ion  becomes  
(111 
t ?T(x ;E ,E^ ,y ,U^)  =  
3 X  3E ' (x ;E ,EQ,u ,yQ)  
0 
T K{x;E* ,EQ,y ,yQ)  Ty(x ;E ,y )  
f- du ' 
Jo  i  
dE '  K(x ;E ' ,EQ,y ' , yQ)  T(x ;E ,E ' ,y ,y ' )  
o (x ;E  )  
- ^T(x ;E .Eo , . ' . yo )  (112) 
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The  ene rgy  E* i n  the  second  t e rm on  the  r igh t  hand  s ide  o f  Equa t ion  112  
i s  de te rmined  by  t he  ene rgy  E and  th i ckness  x  f rom Equa t ion  104 .  
I f  Ty(x ;E ,p )  i s  known,  t he  l a s t  th ree  t e rms  o f  Equa t ion  112  can  be 
approx imated  us ing  the  same  t echn iques  used  in  the  deve lopment  o f  Equa t ion  
40 .  In  add i t ion  the  pa r t i a l  de r iva t ive  can  be  approx imated  us ing  
In  t h i s  approx imat ion  i t  i s  assumed  tha t  the  func t ion  T  =  f(E )  can  be  
approx imated  by  wi th  an  exponen t i a l  func t ion  in  the  in t e rva l  {E^ ,E^+e} .  
The  nonco l l i s ion  probability T can  be  found  f rom a  ba lance  
equa t ion .  The  f r ac t ion  o f  pa r t i c l e s  which  r emain  "unco i l ided"  in  pass ­
ing  th rough  x  +  Ax  i s  equa l  t o  the  f rac t ion  t r ansmi t t ed  "unco i l ided"  
th rough  a  s l ab  o f  th i ckness  x  minus  t he  f r ac t ion  which  exper i ence  a  
co l l i s ion  in  Ax .  Thus  
Equation 114  can  be  r educed  in  a  manner  similar t o  tha t  shown i n  Equation 
BE T(x ;E ,EQ,u ,PQ)  
0 
f  1 fT(x ;E ,E^+E,%,Un)^ l  
110 .  Thus 
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Li  m 
Ax->-0 
T^(xTAx;E+AE,y)  -  i^ (x ;E ,y )  
— 
a t  
QX 3E (115) 
Wi th  this r e su l t  Equa t ion  114  in  the  l imi t  a s  Ax approaches  ze ro  beco i r . e s  
_ M * 3Eo  ' u  
T ,Xx;E ,u )  -  2 i^ iE lTu(x ;E ,u )  (116) 
With  the  same  a s sumpt ion  a s  was  used  in  Equa t ion  113  the  pa r t i a l  de r iva ­
t ive  wi th  r e spec t  to  ene rgy  can  be  approx imated  by  
j ,  [T (x;E+ E , p )  
(117)  
ihe  d i f f e ren t i a l  equa t ion  fo r  d i f fuse  t r ansmiss ion  p robab i l i ty  tnus  
oecomes 
— T f x  dx  1 '  [dx i £ 
I  
l (x ;b . ,b ;+E ,u  ,% )  1  
j j  
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k-1 
EE 
k ,Nerg  
«P i  V a  (h^ )  In tT ,  ^^ (x )}  
ip=q  
1 
o iE ; )  





dx (120)  
E*(0) = E, (121)  
The  o the r  t e rms  a re  defined s imi la r  to  those  in  Equa t ion  40 .  
The  s ca t t e r ing  c ross  sec t ions  and  to t a l  cross sec t ion  for t h i s  
approx imat ion  a re  ca lcu la t ed  in  the  same  manner  a s  shown be fo re .  The  
d i f f e rence  l i e s  in  the  cho ice  o f  the  min imum sca t t e r ing  ang le .  The  min­
imum sca t t e r ing  ang le  g  .  de termines  how much  scat ter ing  must  t ake  p lace  
be fo re  the  in terac t ion  i s  cons ide red  a s  part  of  the  sca t t e r ing  p rocess .  
S ince  mos t  o f  t he  sca t t e r ing  in t e rac t ions  a re  t aken  in to  accoun t  by  the  
continuous slowing down model, the minimum scattering angle will be 
chosen  so  tha t  those  in t e rac t ions  which  a re  we l l  approx imated  by  the  
con t inuous  s lowing  down mode l  can  be  neg lec ted .  The  r e l a t ionsh ip  be tween  
ihe  cho ice  o f  g  mus t  be  made  on  the  bas i s  o f  each  case  to  be  cons ide red  
and  the  accuracy  des i r ed .  
^min is given by 
( 1 2 2 )  
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